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ABSTRACT The Lorentz transformation group SO(m,n), 
m,n G N, is a group of Lorentz transformations of order (m,n), 
that is, a group of special linear transformations in a pseudo- 
Euclidean space R m ’ n of signature ( m,n ) that leave the pseudo- 
Euclidean inner product invariant. A parametrization of SO(m , n ) 
is presented, giving rise to the composition law of Lorentz transfor¬ 
mations of order (to, n) in terms of parameter composition. The pa¬ 
rameter composition, in turn, gives rise to a novel group-like struc¬ 
ture that underlies R m,n , called a bi-gyrogroup. Bi-gyrogroups 
form a natural generalization of gyrogroups where the latter form 
a natural generalization of groups. Like the abstract gyrogroup, 
the abstract bi-gyrogroup can play a universal computational role 
which extends far beyond the domain of pseudo-Euclidean spaces. 

1. Introduction 

A pseudo-Euclidean space K m,n of signature (to, n), to, n S N, is an (to + n)- 
dimensional space with the pseudo-Euclidean inner product of signature (to, n). 
A Lorentz transformation of order (to, n) is a special linear transformation A £ 
SO(m,n) in R m,Tl that leaves the pseudo-Euclidean inner product invariant. It is 
special in the sense that the determinant of the (to + n) x (to + n) real matrix A is 
1, and the determinant of its first to rows and columns is positive [9] p. 478]. The 
group of all Lorentz transformations of order (to, n) is also known as the special 
pseudo-orthogonal group, denoted by SO(m,n). 

A Lorentz transformation without rotations is called a boost. In general, two 
successive boosts are not equivalent to a boost. Rather, they are equivalent to a 
boost associated with two rotations, called a left rotation and a right rotation, or 
collectively, a bi-rotation. The two rotations of a bi-rotation are nontrivial if both 
to > 1 and n > 1. The special case when to = 1 and n > 1 was studied in 1988 in 
[18] . The study in [18] resulted in the discovery of two novel algebraic structures 
that became known as a gyrogroup and a gyrovector space. Subsequent study 
of gyrovector spaces reveals in pa [201 m [231 EH EH Elj that gyrovector spaces 
form the algebraic setting for hyperbolic geometry, just as vector spaces form the 
algebraic setting for Euclidean geometry. The aim of this paper is to extend the 
study of the parametric realization of the Lorentz group in m from to = 1 to 
to > 1, and to reveal the resulting new algebraic structure, called a bi-gyrogroup. 
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In order to emphasize that when m> 1 and n > la successive application of two 
boosts generates a bi-rotation, a Lorentz boost of order ( m,n ), rri. n > 1, is called 
a bi-boost. The composition law of two bi-boosts gives rise in this article to a bi- 
gyrocommutative bi-gyrogroup operation, just as the composition law of two boosts 
gives rise in [TB1 to a gyrocommutative gyrogroup operation, as demonstrated in m- 
Accordingly, a bi-gyrogroup of order (to, n), to, n £ N, is a group-like structure that 
specializes to a gyrogroup when either to = 1 or n = 1. 

We show in Theorem [8] that a Lorentz transformation A of order (to, n) possesses 
the unique parametrization A = A(P, O n , O m ), where 

(1) Pg M" xm an y rea j n x m ma trix; where 

(2) O n £ SO(n) is any n x n special orthogonal matrix, taking P into O n P; 
and, similarly, where 

(3) O m £ SO{rri) is any to x to special oithogonal matrix, taking P into POm- 

In the special case when to = 1, the Lorentz transformation of order ( m,n ) 
specializes to the Lorentz transformation of special relativity theory (n = 3 in 
physical applications), where the parameter P is a vector that represents relativistic 
proper velocities. 

The parametrization of the Lorentz transformation A enables in Theorem 1211 the 
Lorentz transformation composition (or, product) law to be expressed in terms of 
parameter composition. Under the resulting parameter composition, the parameter 
O n of A, called a left rotation (of P £ R nxm ), forms a group. The group that 
the left rotations form is the special orthogonal group SO(n). Similarly, under 
the parameter composition, the parameter O m of A, called a right rotation (of 
P £ R raxm ), forms a group. The group that the right rotations form is the special 
orthogonal group SO(m). The pair ( O ni O m ) £ SO(n) x SO(rn) is called a bi¬ 
rotation, taking P £ R nxm into O n PO m £ R nxm . 

Contrasting the left and right rotation parameters, the parameter P does not 
form a group under parameter composition. Rather, it forms a novel algebraic 
structure, called a bi-gyrocommutative bi-gyrogroup, defined in Def. [53] A bi- 
gyrocommutative bi-gyrogroup is a group-like structure that generalizes the gy¬ 
rocommutative gyrogroup structure. The latter, in turn, is a group-like structure 
that forms a natural generalization of the commutative group. 

The concept of the gyrogroup emerged from the 1988 study of the parametriza¬ 
tion of the Lorentz group in |18| . Presently, the gyrogroup concept plays a universal 
computational role, which extends far beyond the domain of special relativity, as 
noted by Chatelin in (TJ p. 523] and in references therein and as evidenced, for 
instance, from [3J 01 0 [51 0 [TT1 [TU [T^l [H] and [HI [2U [23 12H]- In a similar 
way, the concept of the bi-gyrogroup emerges in this paper from the study of the 
parametrization of the Lorentz group SO(m,n), m,n £ N. Hence, like gyrogroups, 
bi-gyrogroups are capable of playing a universal computational role that extends 
far beyond the domain of Lorentz transformations in pseudo-Euclidean spaces. 
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2. Lorentz Transformations of Order ( m,n ) 


Let K m,n be an arbitrary (to + n)-dimensional pseudo-Euclidean space of a sig¬ 
nature (to, n), with an orthonormal basis e*, i = 1 ,..., to + n, 


(1) 

where 

— £i$ij 

I +1, 1 = 1, ... ,171 


(2) 



, 

1—1, l = TO + 1, . . . , 

,m + n 

The 

inner product x-y of two vectors x, y G R m 

m+n 

x= E^ 

,n 

(3) 

i= 1 

m+n 

y = E 2 /+i» 

i=l 


is 


m+n m 

m+n 

(4) 

X-y = CiXiT/j = ^2 x iVi - 

E < 


i= 1 i=l 

i=m+l 


Let I m be the to x to identity matrix, and let 77 be the (?tt + n) x (to + n) diagonal 
matrix 


(5) 



where 0 m]rl is the to x n zero matrix. Then, the matrix representation of the inner 
product dU is 


( 6 ) 


xy = x*??y 


where x and y are the column vectors 





/ Vi \ 


X2 


2/2 

(7) 


and y = 



\%m+n ) 


\ym+nj 


and exponent t denotes transposition. 

Let A be an (771 + 71 ) x (m + n) matrix that leaves the inner product ([0]) invariant. 
Then, for all x,y£ K m,n , 

(8) (Ax^Ay = x^y, 
implying x* A 4 77 Ay = x^y, so that 

(9) A t r/A = rj . 

The determinant of the matrix equation © yields 

(10) (detA) 2 = 1 , 
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noting that det(A t r]A) = ( det.A t )(detr])(detA ) and detA* = detA. Hence, 
(11) detA = ±1. 


The special transformations A that can be reached continuously from the identity 
transformation in R m,n constitute the special pseudo-orthogonal group SO(m,n), 
also known as the (generalized) Lorentz transformation group of order (m,n). Each 
element A of SO(m 7 n) is a Lorentz transformation of order (m,n). It has determi¬ 
nant 1, 


(12) detA = 1, 

and the determinant of its first m rows and columns is positive [9J p. 478]. The 
Lorentz transformation of order (1,3) turns out to be the common homogeneous, 
proper, orthochronous Lorentz transformation of Einstein’s special theory of rela¬ 
tivity [22j . 

Let R mxrl be the set of all mxn real matrices. Following Norbert Dragon 0 , in 
order to parametrize the special pseudo-orthogonal group SO(m,n), we partition 
each (in + n) x (to + n ) matrix A £ SO(m,n) into four blocks consisting of the 
submatrices (i) A £ R mxm , (ii) A £ R nxn , (iii) B £ R nxm , and (iv) B £ R mxn , so 
that 


(13) 




By means of m and (HJ), the matrix equation J9|) takes the form 


in) 

or, equivalently, 


f Im Om,n\ / A. 

A 1 ) \^0 n , m -I n ) U A ) 



(A*A - B l B A l B - B t A\ _ ( L m 0 mj „\ 
^ A*B B'B - A 1 A) - ^Q n , m -ij 


implying 

(16) 


A* A = I m + 

= /„ + B l B 


A l B = B t A. 


The symmetric matrix B t B is diagonalizable by an orthogonal matrix with non¬ 
negative diagonal elements m pp. 171, 396-398, 402]. Hence, the eigenvalues of 
I m + B*B are not smaller than 1, so that (detA) 2 = det(I m + iTl?) > 1. This, in 
turn, implies that A is invertible. Similarly, (detA) 2 = det(I n + BB 4 ) > 1, so that 
A is invertible. 

An invertible real matrix A can be uniquely decomposed into the product of 
an orthogonal matrix O £ SO(m) 1 O l = O -1 , and a positive-definite symmetric 
matrix S, S* = S, with positive eigenvalues [8] p. 286], 

(17) A = OS. 
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Following o we have 

(18) A* A = S t O t OS = S 2 
with positive eigenvalues \ > 0, i = 1,..., to. Hence, 

(19) S = VA*A 

has the positive eigenvalues y/\i and the same eigenvectors as S 2 . 

The matrix S given by m satisfies m since HS 1 is orthogonal, as it should 
be, by (HU). Indeed, 

(20) {ASIYAS- 1 = {S-yAtAS- 1 = S~ 1 S 2 S ~ 1 = I m 
Similarly, A is invertible and possesses the decomposition 

(21) A = OS, 

where O £ SO(n ) is an orthogonal matrix and S' is a positive-definite symmetric 
matrix. 

By means of ea and HU, the the block matrix (fl3l) possesses the decomposition 


( 22 ) 


A = 


O 0 


o„ 


m,n 

d 


s P 
P s 


where the submatrices P and P are to be determined in EH) below. 
Following ([22]) and (1 1 • > I ) , along with 03 and ED, we have 


(23) 


(OS OP\ _ (A B\ 
\OP OS) ~\B A) ’ 


so that OP = B and OP = B 1 that is 


(24) 


P = 0~ l B 
P = 0~ l B. 


In (1221) . S and S are invertible symmetric matrices, and O and O are orthogonal 
matrices with determinant 1. 


By means of El and EH we have the matrix equation 


(25) 


S t P l 

p t £;t 


O l 0 


m,n 

6* 


An ^m,n 

rrt In 


O 0m,n 

On.m O 


S P 
P s 


L m vm,n 


-In 


(26) 


Noting that 

O* 0 


o„ 


m,n 

o* 


o„ 


-I, 


the matrix equation E5l) yields 

/ qt pt 

(27) fS 


p 1 s t ) Vo 


Im 0 TO ,n 

~In 


O 0m,r 
0n,m O 


S P 
P s 


L m '-'m.n 


-L 


Im 0m,n 
0n,m In 
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so that 
(28) 

and hence 
(29) 


(S t -P‘\ (S P\ ( I m 0 m ,„\ 
Vp‘ -&) \P SJ ' v 0„, m -I n J 


(S t S - P‘P S l P - P l S\ = ( I m 0 m ,„\ 

ypts-spp P t p-s t sj ^o n , m -i n j ■ 


Noting that S t S = S 2 and S l S = S 2 , (1001) yields the equations 

S 2 = I m + P 4 P 

(30) S 2 = I n + P t P 

s tp = ptg 


Noting that the matrix S is symmetric, the third and the first equations in (1301) 
imply 

P = S~ 1 P t S 

(31) 

S ” 2 = ( I m + P ^)- 1 . 

Inserting (10T1) into the second equation in (1301) . 

S 2 = I n + P t P 

= In + {S t P{S t )- 1 )S~ 1 P t S 
= I„ + SPS^ptS 
= I n + SP(I m + P t P)~ 1 P t S. 


(32) 


Multiplying both sides of (1001) by S 2 , we have 

(33) I n = S~ 2 + P(I m + P t P)~ 1 P t . 

Let w be an eigenvector of the matrix PP 4 , and let A be its associated eigenvalue, 

(34) PP ( w = Aw . 

If P 4 u; is not zero, P 4 u> p 0, then it is an eigenvector of P ( P with the same eigenvalue 

A, 

(35) (P‘P)P t w = AP*w . 

Adding P ( w to both sides of (IQOl) we have 

(36) (J m + P t P)P t u = (1 + X)P t uj, 

so that 

(37) — T P‘o; = (J m + P t P)~ 1 P t u . 

1 H - A 

Multiplying both sides of (1071) by P, 

(38) -^—PP t uj = P(I m +P t P)- 1 P t uj : 

1 + A 
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so that, by means of (1M1) . 

(39) P(I m + P t P)~ l P t u = 

for any eigenvector u of PP* for which P t u ^ 0. Equation (1391) remains valid also 
when P t u = 0 since in this case A = 0 by (1M1) . 

By means of (l33l) and (l39l) we have 

(40) u = S~ 2 u + P(J m + P t P)~ 1 P t u = S~ 2 u H-^— 0 ) , 

1 + A 

so that 

(41) 

and, by (l34l) . 

(42) S 2 u = (1 + A)w = I n u + Xu = I n u + PP f u = (I n + PP*)w 
for any eigenvector u of PP*. 

The eigenvectors u constitute a basis of R™. Hence, it follows from fl^l) that 

(43) S 2 = I n + PP* 
and, hence, 

(44) S = Vln + PP* ■ 

Following (1301) (13TT) and ffll) we have 

(45) P = S~ 1 P t S = s/l m + P*P _1 pV/„ + PP t • 

Employing (l45l) and the eigenvectors u of PP *, we will show in (l50l) below that 
P = P*. 

As in (1501) . u is an eigenvector of the matrix PP*, P t u ^ 0, with its associated 
eigenvalue A > 0, implying (l37l) . Following (1571) . the matrix (/ m + P*P) _1 possesses 
an eigenvector P t u with its associated eigenvalue 1/(1 + A). Hence, the matrix 
y/Im + P*P 1 possesses the same eigenvector P t u with its associated eigenvalue 
1/Vl + A, 

(46) y/l m + P t P ~ X P l u = - 7 =L =P*w . 

v 1 + A 

Similarly, the matrix /„ + PP* satisfies the equation (/„ + PP*)w = (1 + A)u, so 
that it possesses an eigenvector u with its associated eigenvalue 1 + A. Hence, the 
matrix i JI n + PP * possesses the same eigenvector u with its associated eigenvalue 

\/TTa, 

(47) Vl n + PP t u = VTT\u. 

Hence, by (l47l) and (l46l) . 

(48) y/l m + P*P ~ 1 p t Vln + PP t U = Vl + A y/lm + P*P ' P'u = P*U 





















for any eigenvector u> of PP 4 for which P 4 u; ^ 0. Equation (1481) remains valid also 
for lj with P t u = 0 since in this case A = 0 by (l34ll . 

The eigenvectors u constitute a basis of M n . Hence, it follows from (H51) that 

(49) VI m + P‘P ^PWln + PP 4 = P* , 
so that, by m and 09]), 

(50) P = P 4 . 

Following (1501) and the first two equations in (1301) we have 

P = P t 

(51) S=Vl m + P‘P 

S=Vln+ PP 4 ■ 


Inserting (15T1) into (1221) and denoting O and O by O m and O n , respectively, we 
obtain the (to + n) x (to + n) matrix A parametrized by the three matrix parameters 
(i) P G K nxm , (ii) O m G SO(m), and (iii) O n G SO(n), 


(52) 


{ O m 0 m , n \ / y/I m + P t P P 4 \ 

^0„,m O n ) \ P Vln+PP') ' 


Lemma 1. The following commuting relations hold for all P G R nxm 
(53) Py/Im + P l P = Vln + PP 4 P 


(54) 


P t y/l n + PPt = y/lm + P'PP 1 


(55) 


PP t y/ln+PP t = Vln + PP 4 PP* 


(56) 


P t PVlm + P‘P = Vim + P‘P P*P ■ 


Proof. The commuting relation (l54l) follows from (l45l) . noting that P = P 4 . The 
commuting relation (1531) is obtained from (1541) by matrix transposition. The com¬ 
muting relation (l56l) is obtained by successive applications of (l54l) and 03]). Fi¬ 
nally, the commuting relation (l55l) is obtained by successive applications of (HkH) 
and (l54l) . □ 


3. Parametric Representation of SO(m,n) 


The block orthogonal matrix in (1521) can be uniquely resolved as a commuting 
product of two orthogonal block matrices, 


O n 

Or. 


0 


m,n 

O 


On 

0. 


o. 


m,n 

In 


In 


0 


0 , 


m,n 

O n 


(57) 

\ yj n,m J \ yj n,m 

The first and the second orthogonal matrices on the right side of (1571) represent, 
respectively, (i) a right rotation O m G SO(m) of R raxm , O m : P i-A PO m ; and (ii)a 
left rotation O n G SO(n) of K. raxm , O n : P i —> O n P. Hence, the orthogonal matrix 
on the left side of 03, which represents the composition of the rotations O m and 
O n , is said to be a bi-rotation of the pseudo-Euclidean space W m ’ n about its origin. 
















By means of (ED, ED can be written as 
/'c;a'i A ( Om ( Im 0 min ^ f \JI m + P 4 P P 4 ^ 

1 J “ V 0 ".™ 4 / V 0 ".™ °« / V p V4. + PP 1 ) ■ 

Lemma 2. The commuting relations 

V4, + P t PO m = O mV '/ ra + (PO m ) t (i , O m ) 

(59) ,_ ,_ 

OnV^n+PP* = V4 + (0„P)(0„P) 4 <4 

hold for all P G R” xm , O m G SO(m ) and O n G S'O(n). 

Proof. 

Im + P*P = O m I rn O\ n + O m O^P*PO m O^ 

= o m (j m + 0LP*P0 m )0^ 

(60) = O m V%* + O^P'PO^Im + OlPtPOmOl 

= o m y/i m + oj n ptpo rn olo rn ^i rn + o\ n ptpo rn o\ n 

= {Om^Im+O^PtPO^D 2 . 

Hence, 

(61) ^4, + P*P = Om >// m + 0* l P*P0 m 0^ l , 

implying the first matrix identity in (1591) . 

Similarly, 

4 + PP 4 = 0* 40 n + o^o„pp 4 o^o„ 

= 0‘(4 + 0 n PP‘0‘)0 n 

(62) = O* V4 + 0„PP*0^4 + OnPPtOiOn 

= O^y/In + On PP* O f n O n I n + 0 n PP 4 <4<4 

= (O* x/4 + OnPP^On) 2 . 

Hence, 

(63) a/4 + PP 4 = O 4 V4 + 0„PP*0*0„ , 
implying the second matrix identity in (15U1) . 

Lemma 3. The commuting relations 

y/4 + P 4 P _1 O m = O m V-f m + (^O m ) 4 (PO m ) _1 

(64) ,_r 

O n Vln+PP 4 = V4 + (OnP)(O n P) 4 On 

hold for all P G R" xm , O m G SO(m ) and O n G S'O(n). 

Proof. Inverting the first matrix identity in (1591) . we have the matrix identity 

(65) 0-V/m + P‘P _1 = V4. + (PO m ) 4 (PO m ) '"o- 1 , 

which implies the first equation in the Lemma. 




























10 


Similarly, inverting the second matrix identity in (1591) , we obtain a matrix identity 

□ 


that implies the second equation in the Lemma. 
Lemma 4. The commuting relation 

I Om 0 m,n 
\0n.m A 


(po m y 


Jn.m -Ln 


( 66 ) 


yjlm + (PO m ) t (PO m ) 

po m vi n + (Po m )(Po m y 


Nim + p i p p 1 ' 

V P Vln+PP 1 ) \0 

holds for all P G K nxm and O m € SO(m). 


Om 

n.m In ) 


Proof. Let J\ and Ji denote the left side and the right side of 
Clearly, 


respectively. 


(67) 


J 2 = 


WIm+P t POn 


pi 


PO m y/I n + PP t ) 
and, by means of the first commuting relation in Lemma [2j 

'o m ^/i m + (po m y(Po m ) o m (po m y 

PO m 


J\ — 


( 68 ) 


Vln+{POm)(PO m y 


pi 


/Vim + P t PO m 
\ POm VIn+PPV 
Hence, Ji = J 2 , and the proof is complete. 

Lemma 5. The commuting relation 


□ 


Vim + ( O n Py{Q n P) 

O n P 


0 OnPy 


Irn 0 


m ' J m,n 


(69) 


V In + ( O n P)(O n Py J \0 n,m On 


L m 'Jm.n 


,0 


n.m '-'n 


O n 


Wlm + P f P P* N 
V P V In + ppy 


holds for all P e R nxm and O n e SO(n). 

Proof. Let J 3 and J 4 denote the left side and the right side of (1M1) . respectively. 
Clearly, 


Ja = 


Wlm + P f P 

V O n P 


pi 


o n vp,. + ppy 


(70) 
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and, by means of the second commuting relation in Lemma [21 

f y/I m + {Q n P) t {O n P) ( O n PyO n 

o n p ^/i n p(o n pyo n pyo n 

(71) 


Js = 


Nlm + P t P P t N 
V O n P O n yJl n + Pl’% 

Hence, J 3 = J 4 , and the proof is complete. 


□ 


By (1551) and Lemma [5J 
(72) 

/ O m 0 m> „\ / I m 0 TOi „\ / yj I m P P t P P l \ 

\0 n ,m In ) \0n,m O n ) \ P \JI n p PP f ) 


{Om o m , n \ / ^/imP(o n py(o n p) ( o n py w / m o m ,„\ 

I n J y O n P yjI ji p (pnPypnPyJ \0n jm O n J 

where P, O m and O n are generic elements of R raxm , SO{m ) and SO(n), respectively, 
forming the three matrix parameters that determine A € SO(m,n). 

The matrix parameter P of A in (1551) is a generic element of R nxm , and the 
orthogonal matrix O n £ SO(n) maps R raxm onto itself bijectively, O n : P —> O n P. 
Hence, the generic element O n P £ R nxm j n (f72l) can, equivalently, be replaced by 
the generic element P £ R" xm , thus obtaining from (l72l) the parametric represen¬ 
tation of the generic Lorentz transformation A, 


(73) A = 


Om 0. 


m KJ m.n 


V4n + P*P 


P 


pt 


Im. 0 


m ' J m,n 


yjln + pptj V0 ra , 


m 


O n 


called the bi-gyration decomposition of A. 

The generic Lorentz transformation matrix A of order (m+ro)x(m-|-n) is expressed 
in d73l) as the product of the following three matrices in d74l) (1761) . 

The bi-boost: The (m + n) x (m + n) matrix P(P), 

(y/Pn P P*P P* \ 


(74) 


P(P) := 


P 


yjln + PP* 


is parametrized by P £ R" xm , m,n £ N. In order to emphasize that B(P) is 
associated in CmD with a bi-rotation (O m ,O n ), we call it a bi-boost. If to = 1 and 
n = 3, the bi-boost descends to the common boost of a Lorentz transformation in 
special relativity theory, studied for instance in ns HH3 ns- 

The right rotation: The (to + n) x (m + n) block orthogonal matrix 
(75) p(O m ) := ( ° m °?’ nN ) £ R(”*+»)x(m+") ; 
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is parametrized by O m £ SO(in). For in > 1, O m is an mxm orthogonal matrix, 
destined to be right-applied to the nxm matrices P, P —> PO m . Hence, p(O m ) is 
called a right rotation of the bi-boost B(P). 

The left rotation: The (in + n) x (to + n) block orthogonal matrix 


(76) 


A(O n ) := 




G ]g> ( m + n ) x ( m + n ) 


is parametrized by O n G SO(n). For n > 1, O n is an n x n orthogonal matrix, 
destined to be left-applied to the nxm matrices P, P —> O n P. Hence, A (O n ) is 
called a left rotation of the bi-boost B(P). 


A left and a right rotation are called collectively a bi-rotation. Suggestively, 
the term bi-boost emphasizes that the generic bi-boost is associated with a generic 
bi-rotation ( O ni O m ) £ SO(n) x SO(m). 

With the notation in d d, the results of Lemma [5] and Lemma H can be 
written as commuting relations between bi-boosts and left and right rotations, as 
the following lemma asserts. 


Lemma 6. The commuting relations 

A (O n )B(P) = B(O n P)X(O n ) 


(77) B(P)p(O m ) = p(O m )B(PO m ) 

A (O n )B(P)p(O m ) = p(O m )B(O n PO m )X(O n ) 
hold for any P £ K" xm , O m £ SO(m) and O n £ SO(n). 

Proof. The first matrix identity in (1771) is the result of Lemma [5j expressed in the 
notation in Cl d- Similarly, the second matrix identity in (1771) is the result 
of Lemma H expressed in the notation in (1741) (1761) . The third matrix identity in 
d follows from the first and second matrix identities in d, noting that A (O n ) 
and p(O m ) commute. □ 


With the notation in d d, the Lorentz transformation matrix A in d- 
parametrized by P, O m and O n , is given by the equation 

(78) A (O mi P, O n ) = p(O m )B(P)X(O n ) . 


It proves useful to use the column notation 


(79) 


A (O m ,P,O n ) 



so that a product of two Lorentz matrices is written as a product between two 
column triples. Thus, for instance, the product (or, composition) of the two Lorentz 
transformations Ai = A(O ra ,i, Pi, O m p) and A 2 = A(O ni 2 , P 2 , Om, 2 ) is written as 



( 80 ) 
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The Lorentz transformation product law, written in column notation, will be pre¬ 
sented in Theorem [2ll p. [27l following the study of associated special left and right 
automorphisms, called left and right gyrations or, collectively, bi-gyrations. 

Formalizing the main result of Sects. [2] and [3j we have the following definition 
and theorem. 


Definition 7. (Special Pseudo-Orthogonal Group). A special pseudo-orthogonal 
transformation A in the pseudo-Euclidean space K m,n is a linear transformation in 
R m,n , also known as a (generalized, special) Lorentz transformation of order (m, n), 
if relative to the basis m m, it leaves the inner product ((dj) invariant, has deter¬ 
minant det A = 1, and the determinant of its first m rows and columns is positive. 
The group of all special pseudo-orthogonal transformations in that is, the 

group of all Lorentz transformations of order (m, n), is denoted by SO(rn,n). 


Theorem 8. (Lorentz Transformation Bi-gyration Decomposition). A ma¬ 
trix A £ ]n(m+n)x(m+n) j g a L oren t z transformation of order (m, n) (that is, a special 
pseudo-orthogonal transformation in R m,rl ), A £ SO(m , n), if and only if it is given 
uniquely by the bi-gyration decomposition 


(81) 


O m 0 


A = 


m KJ m.n 


^VTr, 


\0n,m In 

or, prarmetrically in short, 


+ P l P P‘ > 
P VIn + PP t / 



(82) 


A = A (O m , P, O n ) = p(O m )B(P)\(O n ) 



Proof. Result (ISTI) is identical with d73l) . 


□ 


Theorem 9. (Lorentz Transformation Polar Decomposition). Any Lorentz 
Transformation matrix A £ SO(m , n) possesses the polar decomposition 

(Vim + P*P P* \ (O m 0 

(83) A = 


m KJ m.n 


'-'m.n 


p 


VIn + PP7 \0n,r 


vO n 


Or, 


Proof. By Lemma 2] and (1721) , we have 
(84) 


A = 


I'm Om,n 




Om, Om,n 


\/i m + {Po m ) t {po m ) (. Po m y 

On ) \ POm \/In + (POm)(PO m ) t I ^ 


Wlm + P l P 


pt 


I'm 0 


m XJ m,n 


O m 0. 


m KJ m,n 


VIn T PP^ / \0n,m O n ) \0 n>m I n 


noting that P £ JH nxm is a generic main parameter of A £ SO{m,n) if and only if 
PO m £ R" xm is a generic main parameter of A for any O m £ SO{m). □ 
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4. Inverse Lorentz Transformation 

Theorem 10. (The Inverse Bi-boost). The inverse of the bi-boost B(P), P £ 
K nxm , is B{-P), 

(85) B{P)~ 1 = B(-P). 


Proof. By Lemma [T] we have the commuting relations 


( 86 ) 


P t y/l n + PP t = Vim + P t PP t 

Vln + PP l P = P\J Im + P l P 


which, in the notation in (1511) . are 


(87) 

and, clearly, 

( 88 ) 


PS = SP 
SP = PS, 


s 2 -pp = I m 

S 2 - PP = I n . 


Hence, by flT-fl) and (I5T1) . 

= ( S P f)(_p i) 


(89) 


as desired. 


f S 2 — PP -SP + PS\ 
\PS-SP -PP + S 2 ) 




= 1 , 


m+n ? 


□ 


A Lorentz transformation matrix A of order (m + n)x(TO-|-n), m,n> 2, involves 
the bi-rotation A (O n )p(O m ), as shown in (1821) . Bi-boosts are Lorentz transforma¬ 
tions without bi-rotations, that is by (78) (79), bi-boosts B(P ) are 


(90) 


A {I m , P, In) = P (Im)B(P)\(I n ) = B{P) 



for any P £ R nxm . 

Rewriting (1851) in the column notation, we have 



( 91 ) 
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so that, accordingly, 
(92) 




(0 nt m, In, ImY being the identity Lorentz transformation of order (m, n). 


Theorem 11. (The Inverse Lorentz Transformation). The inverse of a 
Lorentz transformation A = (P, O ni O m Y is given by the equation 


(93) 




Proof. The proof is given by the following chain of equations, which are numbered 
for subsequent explanation. 

{p(O m )B(P)X(O n )}~ 1 

\{O t n )B{-P)p{O t m ) 

P(-O^P)A(C£)p(C4) 

B(—O t n P)p(O t rn )\(O t n ) 

piOlM-O^POl) A(0‘). 

Derivation of the numbered equalities in (l94ll follows: 

(1) By m- 

(2) Obvious, noting (1551) . 

(3) Follows from (j2j by the first matrix identity in GZD. 

(4) Follows from (J3J by commuting A(O*) and p(Om)- 

(5) Follows from ((U) by the second matrix identity in (1771). 

□ 


(1) 

A (Om.P.On)- 1 ^ 

( 2 ) 


(94) 


(3) 

(4) 

(5) 


5. Bi-boost Parameter Recognition 

Composing the bi-gyration decomposition (1511) of the Lorentz transformation 
A G SO(m,n) in Theorem [8l we have the Lorentz transformation 

(O m y/I m + P*P OmP^n \ (E 11 E 12 

(95) A = 7 _ 

\ P VIn + PP t O n ) \E 2 1 E 22 

parametrized by the three parameters 

(1) Fe R” xm , an n x m real matrix, called the main parameter of the Lorentz 
transformation A G SO(m,n); 
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(2) O n £ SO(n), a left rotation of P (or, equivalently, a right rotation of P 4 ); 
and 

(3) O m £ SO(m), a right rotation of P (or, equivalently, a left rotation of P 4 ). 

We naturally face the task of determining the matrix parameters P, O n and O m 
of the SO(m,n) matrix A in (1951) from its block entries Eij , i.j = 1, 2. 

The matrix parameters O m and O n of A in (1811) cannot be recognized from (1951) 
straightforwardly by inspection. Fortunately, however, the matrix parameter P is 
recovered from (1951) by straightforward inspection, P = E 2 1 , thus obtaining the first 
equation in (1991) below. Then, following (1951) we have J m + P 4 P = I m + £^ 1-^21 and 
I n + PP 4 = I n + E 21 E 21 , so that (1951) yields the following parameter recognition 
formulas: 

P = P21 


O m — En-J I m + P 21 -P 21 

(96) JL _r 

O n = y In + P 21 P 2 I P 22 

OmP'On = Pi 2 . 

In the parameter recognition formulas (l96l) the parameters P, O n and O m of 
the composite Lorentz transformation A in (1951) and in the decomposed Lorentz 
transformation A in (15TT) are recognized from the block entries P, ; -, i,j = 1, 2, of the 
composite Lorentz transformation (1951) . Our ability to recover the main parameter 
of a Lorentz transformation suggests the following definition of main parameter 
composition, called bi-gyroaddition. 

Definition 12. (Bi-gyroaddition, Bi-gyrogroupoid). Let A = B(Pi)B{P 2 ) be 
a Lorentz transformation given by the product of two bi-boosts parametrized by 
Pi, P 2 £ R” xm . Then, the main parameter, P 12 , of A is said to be the composition 
of Pl and P 2 , 

(97) P 12 = Pi®P 2 , 

giving rise to a binary operation, ©, called bi-gyroaddition, in the space R raxm of 
all nxm real matrices. Being a groupoid of the parameter P£R nxm , the resulting 
groupoid (R nxm ,©) is called the parameter bi-gyrogroupoid. 

Definition [12] encourages us to the study of the bi-boost composition law in 
Sect. [5] 


6. Bi-boost Composition Parameters 


In general, the product of two bi-boosts is not a bi-boost. However, the product of 
two bi-boosts is an element of the Lorentz group SO(m, n) and, hence, by Theorem 
0 can be parametrized, as shown in Sect. [5] Following (l74l) . let 


P(Pfc) 


s/Tr, 


+ PtPk 


pt 

r k 


(98) 


P k 


\JIn + PkP^ 
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A: = 1,2, be two bi-boosts, so that their product is 
(99) 

A = B{P 1 )B(P 2 ) 


'y/I m + P}Ply/I m + P\Pl + P{P2 y/Im + PfPlPj + Ply/ In + P 2 P^ 


K Pi + ‘V’l + y/I n + PlPlP2 PiP2 + yjln + P^WK + P 2 P 2 * 


(E11 Ei 2 ~\ 

\P 2 1 E 22 ) 


By the parameter recognition formulas (1961) . the main parameter 


( 100 ) 


Pl 2 = Pi©P 2 


and the left and right rotation parameters O r(j i 2 and O m ,i 2 of the bi-boost product 
A = P(Pi)P(P 2 ) in (1W1) are given by 

Pl2 = Pl®p2 = E 21 

O n , 12 = Jln+ E21E21 E22 

(101) _1 

O m , 12 = E\iyJ + E 2 1 E 2 1 

Om,12P 12 On,12 = E 12 , 

where Eij, i,j = 1, 2, are defined by the last equation in (l99l) . 

Hence, by (1751) . 

(102) A = B(P 1 )B(P 2 ) = p(O m ,i 2 )H(P 1 ©P 2 )A(O n , 12 ). 

Following Def. [I2j we view © as a binary operation between elements P £ R” xm , 
thus obtaining the bi-gyrogroupoid (R" xm ,©) that will give rise to a group-like 
structure called a bi-gyrogroup. Accordingly, the binary operation © is the bi- 
gyrooperation of R nxm , called bi-gyroaddition , and Pi©P 2 is the bi-gyrosum of Pl 
and P 2 in R nxm . 


It is now convenient to rename the right rotation O mj i 2 and the left rotation 
O n ,12 in (11011) (11021) as a right and a left gyrations. In symbols, 

. Om ,12 =: rgyr[Pi,P 2 ] £ SO(m ) 

f 1031 

O n ,12 =■■ lgyr[Pi,P 2 ] £ SO(n). 


We call rgyr[Pi, P 2 ] the right gyration generated by Pi and P 2 , and call lgyr[Pi, P 2 ] 
the left, gyration generated by Pl and P 2 . The pair of a left and a right gyration, 
each generated by Pi and P 2 , is viewed collectively as the bi-gyration generated by 
Pi and P 2 . 

The bi-boost product (11021) is now written as 

(104) P(Pi)P(P 2 ) = p(rgyr[Pi,P 2 ])P(Pi©P 2 )A(lgyr[Pi,P 2 ]), 

demonstrating that the product of two bi-boosts generated by Pl and P 2 is a bi¬ 
boost generated by PiffiP 2 along with a bi-gyration generated by Pi and P 2 . 
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The bi-gyrosum Pi®P 2 of Pi and P 2 , and the bi-gyrations generated by P\ and 
P-2 that appear in (11041) are determined from (l99l) (11031) . 

(105) 

Pi ©P 2 = P\\J Im + P|P 2 + \JIn + P1P/P2 

rgyr[P 1 ,P 2 ] = jpfPa + yj I m + PfPi yj I m + P 2 *P 2 j yJim + (Pi©P 2 )‘(A®P 2 ) 

lgyr[P,, P 2 ] = V / ^ + (Pi®P 2 )(Pi®P 2 )‘ _1 |PiP 2 + yJln + PiPl^/ln + PiP^ 

rgyr[P 1 ,P 2 ](P 1 ©P 2 ) t lgyr[P 1 ,P 2 ] = ^// m + PfPiP* + P*^// n + P 2 P 2 * 

( 1 ) ( 2 ) 

= Pl®p 2 = (P 2 ®P1)‘. 

The equation marked by (1) in (11051) follows immediately from the first equation 
in (11051) . replacing Pi,P 2 £ R nxm by P\. P| £ R mxn . 

The equation marked by (2) in (I105D is derived from the first equation in (11051) 
in the following straightforward chain of equations. 

(P 2 ©Pi) 4 = •|p 2 ^/ I m + PfPi + yjIn + P 2 P 2 .P 1 1 

(106) = y/Im+PtPlPl + Pi y/ln+KPZ 

= {PDyJln + (PtyPZ + yjlm + (Pl)(PlY(Pl ) 

= pf ©P 2 . 

Formalizing results in (11051) . we obtain the following theorem. 

Theorem 13. (Bi-gyroaddition and Bi-gyration). The bi-gyroaddition and 
bi-gyration in the parameter bi-gyrogroupoid (R” xm , ©) are given by the equations 

(107) 

Pl©P 2 = Pl\J~pn^-~P^Pl + \JIn + —p[P\P'A 
lgyr[P^P 2 ] = V In + (Pi®P 2 )(PiffiP 2 )* _1 jPiPa + yj I n + PyP{yjI n + PiP^ 

rgyr [P 1 ,P 2 ] = |p‘P 2 + yj I m + P*Pi yj I m + P|P 2 | + (Pi®P 2 )‘(PiffiP 2 ) _1 

for all Pi,P 2 £ M nxm . 


The following corollary results immediately from Theorem 1131 
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Corollary 14. (Trivial Bi-gyrations). 



lgyr[0„, m ,P] = lgyr[P,0„, m ] = I n 

(108) 

lgyr[©P, P] = lgyr[P, ©P] = I n 

rgyr[0„ jm ,P] = rgyr[P,0„, m ] = I m 


rgyr[©P, P] = lgyr[P, ©P] = I m 

for all PeR" xra . 



The trivial bi-gyration 
(109) 


lgyr[P, P] = I n 
rgyr[P, P] = Im 


for all P £ R nxm cannot be derived immediately from Theorem [13l It will, there¬ 
fore, be derived in (11331) and (11311) . and formalized in Theorem flGl p. l24l 

The bi-boost product (11041) . written in the column notation, takes the elegant 
form 


( 110 ) 


P(P!)P(P 2 ) 


(Pl\ fP2\ 

In In 

\lj \lj 


/ Pl®P 2 \ 
lgyr[Pi,P 2 ] 
yrgyrfPi, P 2 ]/ 


for all Pi,P 2 £ R nxm . 

When Pi = P and P 2 = — P, (II 101) specializes to 

fP\ f~P\ ( P®(-P) 


( 111 ) 


B(P)B(-P) = 


In 

\lr. 



lgyr[-P, -P] 
\rgyr[P, ~P]j 


for all P £ R nxm 
the identities 


. But, the left side of (11111) is also determined in 


implying 


( 112 ) 


P®(-P) = 0 n ,m 
lgyr[P, -P] = In 
rgyr[P, -P] = I m ■ 


The first equation in (11121) implies that 

(113) — P =: 0 P 

is the inverse of P with respect to the binary operation © in K raxm . Hence, we 
use the notations —P and ©P interchangeably. Furthermore, we naturally use the 
notation Pi©(—P 2 ) = Pi©(©P 2 ) = Pi©P 2 , and rewrite (11121) as 

P©P = 0 

(114) lgyr[P, ©P] = I n 

rgyr[P, ©P] = I m 


in agreement with (11081) . 
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Similarly, we rewrite m as 


(115) 


that is, 
(116) 




b(qp) 


for all P G W ixm . 

The first equation in (11051) implies that 

(117) (-Pi)®(-P 2 ) = -(Pi®P 2 ) • 

Hence, following the definition of 0 P in (11131) . and by (11171) . the bi-gyroaddition 0 
obeys the gyroautomorphic inverse property 

(118) 0(Pi©P 2 ) = ePi0P 2 , 


for all Pl,P 2 G K nxm 


It follows from the gyroautomorphic inverse property (I118D and from (11051) that 
bi-gyrations are even , that is, 


(119) 


lgyr[—Pi, -P 2 \ = lgyr[Pi, P 2 ] 
rgyr[-Pi, -P 2 ] = lgyr[Pi, P 2 ] 


or, equivalently, 
( 120 ) 


lgyr[©Pi,©P 2 ] = lgyr[Pi,P 2 ] 
rgyr[©Pi, ©P 2 ] = lgyr[Pi, P 2 ]. 


7. Automorphisms of the Parameter Bi-gyrogroupoid 

Left and right rotations turn out to be left and right automorphisms of the param¬ 
eter bi-gyrogroupoid (R raxm ,®). We recall that a groupoid, (£>,+), is a nonempty 
set, S , with a binary operation, +. A left, automorphism of a groupoid (S, +) is 
a bijection / of S, f : S —> S, s K > fs, that respects the binary operation, that 
is, f(s i + s 2 ) = fs i + fs 2 . Similarly, a right automorphism of a groupoid (5,+) 
is a bijection / of 5, f : S —> S, s H > sf , that respects the binary operation, 
that is, (si + s 2 )f = Sif + s 2 f. The need to distinguish between left and right 
automorphisms of the bi-gyrogroupoid (R nxrra ,©) is clear from Theorem fl5l below. 

Theorem 15. (Left and Right Automorphisms of (R nxm ,©)). Any rotation 
O n G SO(n) is a left automorphism of the parameter bi-gyrogroupoid (R” xm ,®), 
and any rotation O m G SO(m) is a right automorphism of the parameter bi- 
gyrogroupoid (K” xm ,®), that is, 

On(Pl®P 2 ) = O n P\®O n P 2 
(121) (Pi®P 2 )O m = PiO m ®P 2 O m 

O n (Pi®P 2 )O m = O n PiO m ®O n P 2 O m 
for all Pi,P 2 G K raxm , O n G SO{n ) and O m G SO{m). 
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Proof. By the first equation in (|1Q7|) and the second equation in ([5^| ) , 

O n (P!®P 2 ) = O n (P iy Jl m + P%P 2 + yjl n + PlP*P 2 ) 

(122) = o„Pi V/m + (o n p 2 y(o n p 2 ) + o n fi~Ppp[p 2 

= o n p 1 sji m + (o n p 2 y{o n p 2 ) + yjin + {o n Px){p n Piyo n p 2 

= 0„Pi©0„P 2 , 

thus proving the first identity in (1121D . 

Similarly, by the first equation in (11071) and the first equation in (1551) . 

(Pl®P 2 )On = (Pi yjIm+P^P 2 + ^In + PlPlP 2 )O m 


(123) 


— P\\J' Im + P 2 P 2 Om + \JPPP\PiP2Om, 

= PiO m ^i m + (p 2 o m y(p 2 o m ) + y/„ + (p 1 o m )(p 1 o m )‘p 2 o m 


= Pl0 m ®P20 m , 

thus proving the second identity in (11211) . The third identity in (11211) follows im¬ 
mediately from the first two identities in ( 11211 ) . □ 


By (11031) and Theoremfldl left gyrations, lgyr[Pi, P 2 ], and right gyrations, rgyr[Pi, P 2 ], 
Pi,P 2 £ R" xm , are left and right automorphisms of (R nxm ,©). Hence, left and 
right gyrations are also called left and right gyroautomorphisms of (R™ xm ,©) or, 
collectively, bi-gyroautomorphisms of the parameter bi-gyrogroupoid (R™ xm ,©). 

Since P = QP, we clearly have the identities 

On(eP) = eo n p 

(124) (eP)o m = ePO m 

O n (QP)O m = QO n POm 

for all P £ R nxm , O n £ SO(n) and O m £ SO(m). 


8. The Bi-boost Square 

We are now in the position to determine the parameters of the squared bi-boost. 
If we use the convenient notation 


(125) 

P e R nxm , then, by flU). 


b m \/Im + P t P 


bn \JIn + PP* ) 


B(P) = 


P bn 


(126) 
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and the squared bi-boost B(P) leads to the following chain of equations, which are 
numbered for subsequent explanation. 


(127) 





fb m P*\ fb m P*\ 

\P b n ) \P b n ) 

fb 2 m + P l P b m P l + P*&„\ 
\Pb m + b n P b\ + PP* ) 

fl m + 2P t P 2P t b n \ 

\ 26„P I n + 2 PP t ) 

(Ell £' 12 N \ 

\E21 E 2 2) 


Derivation of the numbered equalities in (11271) follows: 


(1) This equation follows from (11261) . 

(2) Follows from Item (JT]) by block matrix multiplication. 

(3) Results from (11251) and the commuting relations (15T1) and (15^1) . 

(4) This equation defines Ei,j = 1,2. 


Hence, by the parameter recognition formulas (11011) . along with (11031) . we have 


P®P = E 2 i 


rgyr[P,P] = Enyjl m +P^P 2 1 

(128) _ i 

lgyr[P, P] = yf In + E 2 iE t 21 E 22 

rgyr[P, P](P©P) t lgyr[P, P] = E u , 


where P,: ? - are given by Item (g]) of (11271) . 

Following the first equation in (11281) and the definition of P 21 in Item (j4j of 
(11271) . and (l53l) . we have the equations 


P21 — 


(129) 


P©P = 2 b n P = 2 Pbm . 
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Let us consider the following chain of equations, some of which are numbered for 
subsequent explanation. 

(i) 


(130) 


£n= I m + 2P t P 

1 

= {l m +4P t P+ 4{P t P) 2 } 2 
= {Im+4(I m + P t P)P t P} 2 


= {im+KtP'P } 1 

W I 

= + 4P f b 2 n P} 2 

= {im + 2(b n P) t 2b n P} ^ 

JV /- 

- \ Im + ■ 


Derivation of the numbered equalities in 


follows: 


(1) This equation follows from the definition of En in Item ((4J of (11271) . 

(2) This equation is obtained from its predecessor by two successive applications 
of the commuting relation (1M1) . 

(3) Follows from (11291) . 

We see from (11301) and the second equation in (11281) that the right gyration 
generated by P and P is trivial, 

(131) rgyr[P, P] = J m 

for all P G« nxm . 

Similarly to (11301) . let us consider the following chain of equations, some of which 
are numbered for subsequent explanation. 

I n + 2PP* 

l 

{I n +4PP* +4(PP 4 ) 2 } 2 
{l n + 4(I n + PP t )PP t }2 
{l n +4b 2 n PP t }^ 

{l n +4Pb 2 m P t }^ 

{l n +2Pbm2{Pbm) t } 2 

\JIn + ^ 21^21 ’ 


( 1 ) 


E- 


22 


(132) 


( 2 ) 


(3) 


Derivation of the numbered equalities in (11321) follows: 
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(1) This equation follows from the definition of P 22 in Item £]} of (112711 . 

(2) This equation is obtained from its predecessor by two successive applications 
of the commuting relation (15^1) . 

(3) Follows from (11291) . 

We see from (11321) and the third equation in (11281) that the left gyration generated 
by P and P is trivial, 

(133) lgyr [P,P] = I n 
for all P G R" xm . 

It follows from (I128D (11331) that 

E 2 i = PffiP 

E 12 = (P®P)‘ 

(134) __ 

-E 11 = V/ m + (P©P)‘(PffiP) 

P 22 = y/ln + (PffiP)(PffiP) t . 


Hence, by the extreme sides of (11271) 

(135) P(P ) 2 = P(PffiP), 

so that a the square of a bi-boost is, again, a bi-boost. 

As a byproduct of squaring the bi-boost, we have obtained the results in (11311) 
and (1133D . which we formalize in the following theorem. 


Theorem 16. 

(136) 


(A Trivial Bi-gyration). 

lgyr[P, P] = I n 
rgyr[P, P] = I m 


for all P G R" xm 


9. Commuting Relations Between Bi-gyrations and Bi-rotations 

Bi-gyrations (lgyr[Pi, P 2 ], rgyr[Pi, P 2 ]) G SO(n) xSO(m) and bi-rotations (O n , O m ) G 
SO(n) x SO(m) commute in a special, interesting way stated in the following the¬ 
orem. 

Theorem 17. (Bi-gyration — bi-rotation Commuting Relation). 

(137) O n lgyr [Pi, P 2 ] = lgyr [O n Pi, O n P 2 ]O n 
and 

(138) rgyr[Pi, P 2 ]O m = O m rgyr[PiO m , P 2 O m ] 
for all Pi,P 2 G K raxm , O n G SO(n) and O m G SO(m). 
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Proof. The matrix identity (I137D is proved in the following chain of equations, which 
are numbered for subsequent explanation. 

(139) 

O n lgyr[Pi, P2] == OnV^ + (Pr®P 2 )(Pr®P2) t \PiH + y/I n + PP-f^P + P 2 P|) 

= Vln + (0„Prffi0„P2)(0 n P 1 ®0„P 2 ) t O n (PrP 2 ‘+ y% + AP(yVK^) 

(3) i ,_ ,_ 

= \/In + (0„Prffi0„P2)(0 n P 1 ffi0„P 2 ) t (O n P, P| + () nA Jl n + P, P*+ P 2 Pf) 


(4) 


V^n + (0nP 1 ®0nP2)(0„Pi®0„P 2 ) t 


x {(O n Pi)(0„P 2 )‘ + + (O n Pi)(O n Pi)V4. + (O n P 2 )(O n P 2 )*} On 

(5) 

lgyr[O n Pi, O n P 2 ]O n . 


Derivation of the numbered equalities in (I139D follows: 


(1) This equation follows from the third equation in (110511 . 

(2) Follows from Item (JTJ) by Lemma O p. El and Theorem ITKl p. [20l 

(3) Follows from Item (EJ) by the linearity of O n . 

(4) Follows from Item ([3]) by the obvious matrix identity O n PiP| = (O n Pi)(O n P 2 ) t O n , 
and from Lemma El p. [9] 

(5) Follows from Item (|4j) by the linearity of O n and by the third equation in 

(TO. 

The proof of the matrix identity (11381) in (11401) below is similar to the proof of 
the matrix identity (11371) in (11391) : 

(140) 

(i) _ _ _ 

lgyr[Pi, P 2 ]O m == (P*P 2 + Y^Pn^b _ Pf^Y // pn _ + _ ^^) V^rn _ +Tf^^^^*TpL®^T 
( 2 ) ,_ ,_ 

= (P 1 P 2 + yjlm + PiPiy/lm + P 2 ‘P 2 )<W^n + (Pi O m ®P 2 O m )‘(A On®P 2 O m ) 

( 3 ) 

== (PlP20 m + 

X \/I m + (PlO rn ®P 2 O m )‘(PlO m ®P 2 O m ) 

(4) 

= {O m (P 1 O m ) t (P 2 O m ) + O m sJlm + (PlO m )*(PlO m )v / / m + (P 2 0 m)*(P 20 m )} 

x \Jl m + (Pl0mffiP20 m ) t (Pl0 m ffiP 2 0 r „) 

(5) 

O m rgyr[PiO m ,P 2 O m ] . 


Derivation of the numbered equalities in (I140D follows: 
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(1) This equation follows from the second equation in (11051) . 

(2) Follows from Item ([]]) by Lemma [31 p. [9l and Theorem H5l pl20l 

(3) Follows from Item (121) by the linearity of O m . 

(4) Follows from Item J3|) by the obvious matrix identity P\ P 2 O rn = O rn {PiO rn ) t {P 2 O m ), 
and from Lemma [21 p. [21 and from the linearity of O m . 

(5) Follows from Item (JU) by the linearity of O m and by the second equation in 

COED- 

□ 


The following corollary results immediately from Theorem 1171 
Corollary 18. Let Pi,P 2 £ R raxm , O n £ SO(n) and O m £ SO(m). Then, 

(141) lgyr[0„Pi, O n P 2 ] = lgyr[Pi, P 2 ] 

if and only if O n and lgyr[Pi, P 2 ] commute, that is, O ra lgyr[Pi, P 2 ] = lgy r [Pi, P 2 ]O n . 
Similarly, 

(142) rgyr[Pi O m ,P 2 O m J = rgyr[Pi, P 2 ] 

if and only if O m and rgyr[Pi, P 2 ] commute, that is, O m rgyr[Pi, P 2 ] = rgyr[Pi, P 2 ]O m . 

Example 19. The left (right) gyration lgyr[Pi, P 2 ] (rgyr[P!, P 2 [) commutes with 
itself. Hence, by Corollary HS1 

lgyr[lgyr[Pi, P 2 ]Pi, lgyr [Pi, P 2 ]P 2 ] = lgyr[Pi, P 2 ] 
rgyr[Pirgyr[Pi, P 2 ] , P 2 rgyr[Pi, P 2 ]] = rgyr[Pi, P 2 ] . 


Left gyrations are invariant under parameter right rotations O m £ SO{m) 1 and 
right gyrations are invariant under parameter left rotations O n £ SO(n), as the 
following theorem asserts. 

Theorem 20. (Bi-gyration Invariance Relation). 

(144) lgy r [Pi O m , P 2 O m ] = lgyr [Pi, P 2 ] 

(145) rgyr[O rl Pi, O n P 2 } = rgyr[Pi, P 2 ] 
for all Pi,P 2 £ K raxm , O n £ SO(n) and O m £ SO(m). 


Proof. The proof follows straightforwardly from the second and the third equations 
in (11051) . p. [TBl and from Theorem [L5l p. [20l noting that ( PiO m )(P20 rn ) t = PiP 2 
and (0„Pi) t (0„P 2 ) = Pi‘P 2 for all Pi,P 2 £ R" xm , O n £ SO(n ) and O m £ SO{m). 

□ 


10. Product of Lorentz Transformations 

Let Ai and A 2 be two Lorentz transformations of order (m, n), m, n £ N, so that, 
according to ( 1521 ) . 

Ai = A(O n ,i, Pi, O mA ) = p(O m ,i)P(Pi)A(O rij i) 

A 2 = A(0„, 2) P 2 , Om, 2 ) = P(Om, 2 )P(P2)A(0 Ilj2 ) . 


( 146 ) 
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The product AiA 2 of Ai and A 2 is obtained in the following chain of equations, 
which are numbered for subsequent explanation. 


p(O m ,i)B(P 1 )A(O n>1 )/9(O rn>2 )B(P 2 )A(O n>2 ) 
p(0 ro ,i)P(P 1 )p(0 ro , 2 )A(0„,i)P(P 2 )A(0„, 2 ) 
p(O m ,i)p(O m ,2)B(PiO m ,2)B(O n ,iP2)\(O n ,i)\(O n ,2) 
p(Om, 1 O m>2 )B(PiOm, 2 )B(O nj iP 2 )A(O nj iO n , 2 ) 

p{Om : lOm,2^) 

x p(rgyr[PiO mj2 , O n ,iP 2 ])P(PiO m , 2 ®O n pP 2 )A(lgyr[PiO m)2 , O n ,iP 2 ]) 

X A(O ra ,lOn, 2 ) 

p(o 

m, [Plf^m,2, O n ,\P2\) 

X P(PlOm,2®On,lP2) 
x A(lgyr[PiO mj2 ,O nj iP 2 ]0„ i iO nj2 ). 

Derivation of the numbered equalities in (11471) follows: 

(1) This equation follows from (I146D . 

(2) Follows from JTJ since A(O n ,i) and p(O m , 2 ) commute. 

(3) Follows from © by Lemma® p. [T2l 

(4) Follows from © by the obvious matrix identities p(Orn,i)p(O m , 2 ) = p(O m> iO m , 2 ) 
and A(O nj i)A(0„ j2 ) = A(O nil O„, 2 ). 

(5) Follows from © by the bi-boost composition law (11041) . p. [171 

(6) Obvious (Similar to the argument in Item ©). 

In the column notation ( 177 ) 1 ) , the result of (11471) gives the product law of Lorentz 
transformations in the following theorem. 

Theorem 21. (Lorentz Transformation Product Law). The product of two 
Lorentz transformations Ai = (Pi, and A 2 = (P 2 ,0„ i2 , O mi2 )* of order 

(to, n), to, n £ N, is given by 


(147) 

(i) 

AiA 2 '^? 

(5) 


( 6 ) 


l P1 \ 

( b 2 \ 

O n , 1 1 

O n ,2 I = 

\0m,l/ 

\O m J V 


PiO m , 2 ®O n) iP 2 

lgyr[PiO mi2 ,O raj iP 2 ]O ni iO 



(148) A!A 2 = 
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Example 22. In the special case when Pi = P 2 = O n ,m and O m ,i = O m , 2 = I m , 
the parameter composition law (11481) yields the equation 


(149) 


/9n,m\ 

O n , 1 I 

\ Im J 


O n , 2 1 

\ Im / 


/ 0 n,m 

O n ,lO n ,2 
V Im 


demonstrating that under the parameter composition law (11481) the parameter O n 
forms the spacial orthogonal group SO{n). 

Example 23. In the special case when Pi = P 2 = O n , m and O n , 1 = O n ,2 = In, the 
parameter composition law (I148D yields the equation 


(150) 




demonstrating that under the parameter composition law (11481) the parameter O m 
forms the spacial orthogonal group SO(m). 


Example 24. In the special case when O n , 1 = O n ,2 = I n and O m , 1 = O m ,2 = I m 
the parameter composition law (11481) yields the equation 


(151) 


( P1 \ 

/PA 

In 

In = 

\Imj 

\Im) \ 


Pi®P 2 
lgyr[Pi,P 2 ] 


Clearly, under the parameter composition law (11481) the parameter P € R nxm does 
not form a group. Indeed, following the parametrization of the generalized Lorentz 
group SO{m,n ) in (11461) . we face the task of determining the composition law of the 
parameter P € R nxm along with the resulting group-like structure of the parameter 
set R" xm . We will find in the sequel that the group-like structure of R raxm that 
results from the composition law of the parameter P is a natural generalization of 
the gyrocommutative gyrogroup structure, called a bi-gyrocommutative bi-gyrogroup. 


The Lorentz transformation product (11481) represents matrix multiplication. As 
such, it is associative and, clearly, its inverse obeys the identity 

(152) (AiAa)- 1 = A^AJ -1 ■ 


11. The Bi-gyrocommutative Law 
Bi-boosts are Lorentz transformations without bi-rotations. Let 
(153) B(P k ) = {P k ,I n ,I m y, 

P k <E R nxm , k = 1,2, be two bi-boosts in r(™+™) x (™+A). Then, by (fl48l) with 
On, 1 = On ,2 = In and O m , i = O m ,2 = I m (or by (11101) ), and by |J31) with O n = 
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lgyr[Pi,P 2 ] and O m = rgyr[Pi,P 2 ], 


(154) 


(P(P 1 )P(P 2 ))~ 1 


( P1 \ 

/Pi V 

In 

In 

\Im) 

\Im) , 


/ Pi(BP 2 \ 
lgyr[Pi,P 2 ] 
\rgyr[Pi,P 2 ]/ 


^-lgyr _1 [Pi, P 2 ](P 1 ©P 2 )rgyr- 1 [P 1 , P 2 ]\ 
lgyr _1 [Pi,P 2 ] 

V rgyr _1 [Pi, P 2 ] / 

Herelgyr -1 [Pi,P 2 ] = (lgyr[Pi, P 2 ]) _1 and, similarly, rgyr _1 [Pi, P 2 ] = (rgyr[Pi, P 2 ]) _1 . 

Calculating (P(Pi)P(P 2 )) _1 in a different way, as indicated in (11521) . yields 
(155) 


(P(P 1 )P(P 2 ))" 1 = P(P 2 )” 1 P(P 1 )- 1 



/-P 2 \ /-Pi 


In 
V Irn 


In 

\lm 


/ (-P 2 )©(-Pl) \ 
Igyr [ P'2 1 P\ ] 

V rg yr [-P 2 , —Pi]/ 


Hence, the extreme right sides of (11541) (11551) are equal, implying the equality 
of their respective entries, giving rise to the three equations in (11561) (11571) below. 

The second and third entries of the extreme right sides of (11541) (11551) . along 
with the even property (I119D of bi-gyrations, imply the bi-gyration inversion law , 

lgyr _1 [Pi, P 2 ] = lgyr[—P 2 , -Pi] = lgyr[P 2 , Pi] 

(156) , 

rgyr [Pi, P 2 ] = rgyr[-P 2 , -Pi] = rgyr[P 2 , Pi] . 


for all Pi,P 2 G R nxm . 

The hrst entry of the extreme right sides of (I154D (I155D . along with (11561) and 
the gyroautomorphic inverse property (11181) . yields 

(-P 2 )®(-Pi) = -lgyr- 1 [Pi,P 2 ](P 1 ®P 2 )rgyr- 1 [Pi,P 2 ] 

= -lgyr[-P 2 , -Pi](Pi®P 2 )rgyr[-P 2 , -Pi] 

(157) 

= lgyr[-P 2 , -Pi]{-(PiffiP 2 )}rgyr[-P 2 , -Pi] 

= lgyr[-P 2 , -Pi]{(-Pi)®(-P 2 )}rgyr[-P 2 , -Pi] , 


for all Pi,P 2 £ K nxm . 

Renaming —Pi and —P 2 as P 2 and Pi, the extreme sides of (11571) give the bi- 
gyrocommutative law of the bi-gyroaddition ®, 

(158) Pi®P 2 = lgyr[Pi, P 2 ](P 2 ffiPi)rgyr[Pi, P 2 ] , 

for all Pi,P 2 € R nxm . 
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Instructively, a short derivation of the bi-gyrocommutative law of ® is presented 
below. Transposing the extreme sides of the fourth matrix equation in (11051) , noting 
that by (I156D 

lgyr[Pi,P 2 ] t = lgyr- 1 [Pi,P 2 ] = lgyr[P 2 ,Pi] 

(159) . - 

rgyr[Pi, P 2 ] = rgyr [Pi, P 2 ] = rgyr[P 2 , Pi], 

and renaming the pair (Pi,P 2 ) as (P 2 ,Pi), we obtain the matrix identity 

(160) Pl©P 2 = lgyr[Pi, P 2 ](P 2 ®Pi)rgyr[Pi, P 2 ]. 
for all Pi,P 2 G R nxm . 

The matrix identity (11601) gives the bi-gyrocommutative law of the binary oper¬ 
ation © in R” xm , according to which Pi©P 2 equals P 2 ffiPi bi-gyrated by the bi¬ 
gyration (lgyr[Pi,P 2 ],rgyr[Pi,P 2 ]) generated by Pi and P 2 , for all Pi,P 2 G R" xm . 

Formalizing the result in (1 158 D and in (11601) we obtain the following theorem. 

Theorem 25. (Bi-gyrocommutative Law). The binary operation © in R" xm 
possesses the bi-gyroconrmutative law 

(161) Pi©P 2 = lgyr[Pi, P 2 ](P 2 ©Pi)rgyr[Pi, P 2 ] 
for all Pi,P 2 G R nxm . 

When m = 1 right gyrations are trivial, rgyr[Pi,P 2 ] = I m . Hence, in the spe¬ 
cial case when m = 1, the bi-gyrocommutative law (11611) of bi-gyrogroup theory 
descends to the gyrocommutative law of gyrogroup theory found, for instance, in 

m mi m mm urn cm . 

Formalizing the results in (11501) we obtain the following theorem. 

Theorem 26. (Bi-gyration Inversion Law). The bi-gyrogroupoid (R nxm ,©) 
possesses the left gyration inversion law, 

(162a) lgyr -1 [Pi, P 2 ] = lgyr[P 2 ,Pi], 

and the right gyration inversion law, 

(162b) rgyr -1 [Pi, P 2 ] = rgyr[P 2 , Pi] , 

for all Pi,P 2 G R nxm . 

Identities (1162al) (1162bl) express the inversive symmetric property of bi-gyrations. 


12. The Bi-gyroassociative Law 
Matrix multiplication is associative. Hence 


(163) 


(AiA 2 )A3 = Ai(A 2 A 3 ) . 
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On the one hand, by (I110D and (11481) . 


(B(P 1 )B(P 2 ))B(P 3 ) 


(164) 



t Pl®P 2 \ 
lgyr[Pi,P 2 ] 
Vrgyr[Pi,P 2 ]/ 


( (Pi®P 2 )©lgyr[Pi,P 2 ]P 3 

lgyr[Pi®P 2 , lgyrfPi, P 2 ]P 3 ]lgyr[P 1 , P 2 ] 
\rgyr[Pi, P 2 ]rgyr[Pi®P 2 , lgyr[Pi, P 2 ]P 3 ] 



On the other hand, similarly, by (11101) and (11481) . 


P(P 1 )(P(P 2 )P(P 3 )) 


(165) 






/ P 2 ®P 3 \ 

lgyr[P 2 ,P 3 ] 

Vrgyr[P 2 ,P 3 ]/ 


( Pirgyr[P 2 ,P 3 ]©(P 2 ffiP 3 ) 
lgyr[P,rgyr[P 2 , P 3 ], P 2 ffiP 3 ]lgyr[P 2 , P 3 ] 
\rgyr[P 2 , P 3 ]rgyr[Pirgyr[P 2 , P 3 ], P 2 ®P 3 ] 


Hence, by (11631) (11651) . corresponding entries of the extreme right sides of (11641) 
and (11651) are equal, giving rise to the bi-gyroassociative law 

(166) (Pi©P 2 )©lgyr[Pi,P 2 ]P 3 = Pirgyr[P 2 , P 3 ]©(P 2 ©P 3 ) 
and to the bi-gyration identities 

(167) 

lgyr[Pi©P 2 , lgyr[Pi, P 2 ]P 3 ]lgyr[Pi, P 2 ] = lgyr[Pirgyr[P 2 , P 3 ], P 2 ©P 3 ]lgyr[P 2 , P 3 ] 


rgyr[Pi, P 2 ]rgyr[Pi®P 2 , lgyr[P 3 , P 2 ]P 3 ] = rgyr[P 2 , P 3 ]rgyr[Pirgyr[P 2 , P 3 ], P 2 ffiP 3 ] 
for all Pi,P 2 ,P 3 <£ R" xm . 

Formalizing the result in (I166D we obtain the following theorem. 

Theorem 27. (Bi-gyroassociative Law in (K" xm ,©)). The bi-gyroaddition © 
in K™ xm possesses the bi-gyroassociative law 

(168) (Pi©P 2 )©lgyr[P 1 ,P 2 ]P 3 = Pirgyr[P 2 , P 3 ]©(P 2 ©P 3 ) 

for all Pi,P 2 € R nxm . 

Note that in the bi-gyroassociative law (11681) . Pi and P 2 are grouped together 
on the left side, while P 2 and P 3 are grouped together on the right side. 

When to = 1 right gyrations are trivial, rgyr[Pi,P 2 ] = I m —i = 1. Hence, in 
the special case when m = 1, the bi-gyroassociative law (11681) descends to the 
gyroassociative law of gyrogroup theory found, for instance, in m mi m on m 

[in na. 



































32 


The bi-gyroassociative law gives rise to the left and right cancellation laws in the 
following theorem. 

Theorem 28. (Left and Right Cancellation Laws in (R" xm ,©)). The bi- 
gyrogroupoid (R nxm ,©) possesses the left and right cancellation laws 

(169) P 2 = 0Pirgyr[Pi, P 2 ]®(Pi®P 2 ) 
and 

(170) Pi = (Pi®P 2 )0lgyr[Pi, P 2 ]P 2 
for all Pi,P 2 G R nxm . 

Proof. The left cancellation law (11691) follows from the bi-gyroassociative law (11681) 
with Pi = 0P 2 , noting that lgyr[©P 2 ,P 2 ] is trivial by (11141) . p. [121 The right 
cancellation law (11701) follows from the bi-gyroassociative law (11681) with P 3 = 0P 2 , 
noting that rgyr[P 2 ,0P 2 ] is trivial. □ 

The bi-gyroassociative law gives rise to the left and right bi-gyroassociative laws 
in the following theorem. 

Theorem 29. (Left and Right Bi-gyroassociative Law in (R" xm ,0)). The 
bi-gyroaddition 0 in R” xm possesses the left bi-gyroassociative law 

(171) Pl 0 (P 2 ©P 3 ) = (Pirgyr[P 3 , P 2 ]0P 2 )©lgyr[Pirgyr[P 3 , P 2 ], P 2 ]P 3 
and the right bi-gyroassociative law 

(172) (Pi0P2)©P3 = Pirgyr[P 2 , lgyr[P 2 , Pi]P 3 ]0(P 2 ©lgyr[P 2 , Pi]P 3 ) 
for all Pl,P 2 € R nxm . 

Proof. The left bi-gyroassociative law (I171D is obtained from the bi-gyroassociative 
law (I168D by replacing Pi by Pirgyr[P 3 , P 2 ] and noting the bi-gyration inversion 
law (I156D . Similarly, the right bi-gyroassociative law (11721) is obtained from the 
bi-gyroassociative law (I168D by replacing P 3 by lgyr[P 2 , Pi]P 3 and noting the bi¬ 
gyration inversion law (11561) . □ 

13. Bi-gyration Reduction Properties 

A reduction property of a gyration lgyr[P 1; P 2 ] or rgyr[Pi , P 2 ] is a property 
enabling the gyration to be expressed as a gyration that involves Pl©P 2 . Several 
reduction properties are derived in Subsects. 113.11 113. 41 below. 

13.1. Bi-gyration Reduction Properties I. When P 3 = ©P 2 , (11671) specializes 
to 

lgyr[Pi©P 2) ©lgyrtPi, P 2 ]P 2 ]lgyr[Pi, P 2 ] = I n 

(173) 

rgyr[Pi, P 2 ]rgyr[P 1 0P 2 ,©lgyr[P 1 , P 2 ]P 2 ] = I m 
or, equivalently by bi-gyration inversion, (11561) . 


(174) 


lgyr[Pi, P 2 ] = lgyr[©lgyr[Pi, P 2 ]P 2 , PiffiP 2 ] 
rgyr[Pi, P 2 ] = rgyr[elgyr[Pi, P 2 ]P 2 , Pi0P 2 ] . 































33 


Similarly, when P 2 = ©Pi, (11671) specializes to 

I n = lgyr[Pirgyr[©Pi, P 3 ], ePi©P 3 ]lgyr[ePi, P 2 ] 

(175) 

Im = rgyrtePi.PalrgyrlPirgyrlePi,^],©^®^] 
or, equivalently by bi-gyration inversion, (11561) . and renaming P 3 as 0 P 2 , 
lgyr[Pi,P 2 ] = lgyr[Pi©P 2 ,©Pirgyr[Pi,P 2 ]] 

(176) 

rgyr[P 1 ,P 2 ] = rgyr[P 1 ©P 2 , ©P^gyr^, P 2 ]\ . 

Formalizing the results in (11741) and (11761) we obtain the following theorem. 

Theorem 30. (Left and Right Gyration Reduction Properties). 

lgyr[Pi,P 2 ] = lgyr[elgyr[Pi,P 2 ]P 2 ,Pi®P 2 ] 

(177) 

rgyr[Pi, P 2 ] = rgyr[elgyr[Pi, P 2 ]P 2 , Pi®P 2 ] . 

and 

lgyr[Pi,P 2 ] = lgyr[Pi®P 2 ,©Pirgyr[Pi,P 2 ]] 

(178) 

rgyr[Pi, P 2 ] = rgyr[P 1 ®P 2 , ©P ir gyr[Pi, P 2 ]] . 
for all Pi,P 2 € K nxm . 


13.2. Bi-gyration Reduction Properties II. In general, the product of bi¬ 
boosts in a pseudo-orthogonal group SO(m , n) is a Lorentz transformation which 
is not a boost. In some special cases, however, the product of bi-boosts is again a 
bi-boost, as shown below. 

Let Pi,P 2 G R nxm , and let J(Pi,P 2 ) be the bi-boost symmetric product 


(179) 


J(P 1 ,P 2 ) = B(P 1 )B(P 2 )B(P 1 ) = 



which is symmetric with respect to the central bi-boost factor (P 2 , I n , ImY- Then, 
by the Lorentz product law (11481) , 


J(Pi,P 2 ) = 


(180) 



/ Pi©P 2 
lgyr[Pi,P 2 ] 
\rgyr[Pi,P 2 


/ (PiffiP 2 )®lgyr[Pi, P 2 ]Pi 
lgyr[Pi®P 2 , lgyi'[Pi, P 2 ]Pi]lgyr[Pi, P 2 ] 
\rgyr[Pi, P 2 ]rgyr[Pi®P 2 , lgyr[Pi, P 2 ]Pi]y 



By means of p.m it is clear that 
(181) J(P 1 ,P 2 )~ 1 = J(-Pi,-P 2 ). 
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Hence, by the gyroautomorphic inverse property (1 118 [) . P.I2U1 and by the bi-gyration 
even property, (11191) . p. l20l it is clear from (11801) that 


(182) 




(~Pi 


J(-Pi,-P 2 ) = 



But, it follows from the inverse Lorentz transformation (l93l) . p. [151 that 


(183) 


J(Pi,P2)~ 1 = 



Comparing the right sides of (11831) and (11821) . we find that O n = 0~ x and 
O m = O" 1 , implying O n = I n and O m = I m . Hence, the bi-boost product J(Pi, P 2 ) 
is, again, a bi-boost, so that by (11801) . 


(184) 


J(PJP) 


/(Pi®P 2 )©lgyr[Pi,P 2 ]Pi\ 

In 

V Im J 


(185) 


Following (11841) and (11801) we have the bi-gyration identities 
lgyr[Pi©P 2 ,lgyr[P 1 ,P 2 ]P 1 ]lgyr[P 1 ,P 2 ] = I n 
rgyr[Pi, P 2 ]rgyr[Pi®P 2 , lgyr[Pi, P 2 ]Pi] = I m , 

implying, by the bi-gyration inversion law (I162D . 

lgyr[Pi, P 2 ] = lgyr[lgyr[P 1 ,P 2 ]P 1 ,Pi©P 2 ] 
rgyr[Pi, P 2 ] = rgyr[lgyr[Pi, P 2 ]Pi, Pi®P 2 ] , 


(186) 


for all Pi,P 2 € K nxm . 

The results in (I184D (11851) can readily be extended to the symmetric product of 
any number of bi-boosts that appear symmetrically with respect to a central factor. 
Thus, for instance, the symmetric bi-boost product J, 

(187) J = P(P fc )P(P fe _!) ... P(P 2 )P(P 1 )P(P 0 )P(P 1 )P(P 2 )... P(P fe _!)P(P fc ) , 

is symmetric with respect to the central factor P(P 0 ), for any k £ N, and all 
Pi £ R” xm , i = 0,1,2, In particular, the bi-boost product J in (I187D is, 

again, a bi-boost. 

We now manipulate the first bi-gyration identity in (11851) into an elegant form 
that will be elevated to the status of a theorem in Theorem[3T]below. Let us consider 
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the following chain of equations, which are numbered for subsequent explanation. 

lgyr[PiffiP 2 , lgyr[Pi, P 2 ]P 1 ]lgyv[P 1 , P 2 ] 
lgyr[Pi, P 2 ]lgyr[lgyr[P 2 , Pi](Pi®P 2 ), -Pi] 
lgyr[Pi, P 2 ]lgyr[lgyr[P 2 , Pi](Pi®P 2 )rgyr[P 2 , Pi], Pirgyr[P 2 , Pi]] 

lgyr[P, P 2 ]lgyr[P 2 ®P, P, rgyr[P 2 , P,]]. 

Derivation of the numbered equalities in (I188D follows: 

(1) This equation is the first equation in the first bi-gyration identity in (I185D . 

(2) Follows from the commuting relation (11371) . n. l24l with O n = lgyr[Pi,P 2 ], 
noting that lgyr[P 2 , Pi] = lgyr _1 [Pi, P 2 ], 

(3) Follows from the bi-gyration invariance relation (11441) . p. [26] 

(4) Follows from the bi-gyrocommutative law (11611) . d. l30l 

By (11881) and the bi-gyration inversion law (11621) . 

(189) lgyr[P 2 , Pi] = lgyr[P 2 ®Pi, Pirgyr[P 2 , Pi]] 

Renaming (Pi , P 2 ) in (11891) as (P 2 , Pi), we obtain the first identity in the following 
theorem. 

Theorem 31. (Left Gyration Reduction Properties). 

(190) lgyr[Pi, P 2 ] = lgyr[Pi®P 2 , P 2 rgyr[Pi, P 2 ]} 
and 

(191) lgyrfPi, P 2 \ = lgyr[Pirgyr[P 2 , Pi], P 2 ®Pi] 
for all Pi,P 2 <E M nxm . 



Proof. The bi-gyration identity (11901) is identical with (11891) . The bi-gyration iden¬ 
tity (11911) is obtained from (11901) by applying the bi-gyration inversion law (11621) 
followed by renaming (Pi,P 2 ) as (P 2 ,Pi). □ 


When to = 1 right gyrations are trivial, rgyr[Pi,P 2 ] = I m —i = 1. Hence, in the 
special case when to = 1, the bi-gyration reduction properties (11901) (11911) descend 
to the gyration properties of gyrogroup theory found, for instance, in [20]. 

The bi-gyration identity (11911) involves both left and right gyrations. We manip¬ 
ulate it into an identity that involves only left gyrations in the following chain of 
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equations, which are numbered for subsequent explanation. 

(192) 

(1) 

lgyr[P-i. P 2 \ lgyr[Pirgyr[P 2 ,-Pi],-P 2 ©-Pi] 

( 2 ) 

lgyr[lgyr[Pi, P 2 ]Pirgyr[P 2 , Pi], lgyr[Pi, P 2 ] (P 2 ®Pi)] 

(3) 

'=^ lgyr[lgyr[Pi,P 2 ]Pirgyr[P 2 ,Pi]rgyr[Pi,P 2 ],lgyr[Pi,P 2 ](P 2 ffiPi)rgyr[Pi, P 2 ]\ 
(4) 

lgyr[lgyr[Pi, P 2 ]Pi, Pi®P 2 ] 

Derivation of the numbered equalities in (I192D follows: 

(1) This equation is the bi-gyration identity fl9II 

(2) Follows from Result (11411) of Corollary [TH p. [26j noting that, by Item 
m, the left gyrations lgyr[Pirgyr[P 2 , Pi], P 2 ffiPi] and lgyr[Pi, P 2 ] commute 
since they are equal. 

(3) Follows from (11441) . n. [26l 

(4) Follows from Item ([3]) by applying both the bi-gyration inversion law (11621) 
and the bi-gyrocommutative law (11611) , p. [30] 

By means of the bi-gyration inversion law (11621) , the second bi-gyration identity 
in (11851) gives rise to the bi-gyration identity 

(193) rgyrfPi, P 2 ] = rgyr[lgyr[Pi, P 2 ]Pi, Pi®P 2 ] , 
leading to the following theorem. 

Theorem 32. (Right Gyration Reduction Properties). 

(194) rgyr[Pi, P 2 ] = rgyr[lgyr[Pi, P 2 ]Pi, Pi©P 2 ] 


and 


(195) rgyr[Pi, P 2 ] = rgyr[P 2 ©Pi, lgyr[P 2 , Pi]P 2 ] 

for all Pi,P 2 G R nxm . 


Proof. The bi-gyration identity (I194D is identical with (11931) . The bi-gyration iden¬ 
tity (I195D is obtained from (11941) by applying the bi-gyration inversion law (11621) 
followed by renaming (Pi,P 2 ) as (P 2 ,Pi). □ 


The bi-gyration identity (11951) involves both left and right gyrations. We manip¬ 
ulate it into an identity that involves only right gyrations in the following chain of 
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equations, which are numbered for subsequent explanation. 

(196) 

(1) 

rgyr[Pi,P 2 ] rgyr[P 2 ®Pi, lgyr[P 2 , Pi]P 2 ] 

( 2 ) 

rgyr [ (P 2 ® Pi) rgyr [Pi, P 2 ], lgyr [P 2 , Pi ] P 2 rgyr [Pi, P2] ] 

(3) 

rgyr [lgyr [Pi, P 2 ] (P 2 ©Pi) rgyr [Pi, P 2 ], lgyr [Pi, P 2 ] lgyr [P 2 , Pi ] P 2 rgyr [Pi, P2] ] 
(4) 

rgyr[Pi®P 2 , P 2 rgyr[Pi, P 2 ]] 

Derivation of the numbered equalities in (I196D follows: 

(1) This equation is the bi-gyration identity 11951 

(2) Follows from Result (11421) of Corollary[18l p. [^HI noting that, by Item [T] the 
right gyrations rgyr[P 2 ®Pi, lgyr[P 2 , Pi]P 2 ] and rgyr[Pi,P 2 ] commute since 
they are equal. 

(3) Follows from (11451) . p. [26] 

(4) Follows from Item <[3|) by applying both the bi-gyration inversion law (11621) 
and the bi-gyrocommutative law (11611) , p. [301 

Formalizing the results in (11921) and (11961) we obtain the following theorem. 

Theorem 33. (Bi-gyration Reduction Properties). 

(197) lgyr[Pi, P 2 ] = lgyr[lgyr[Pi, P 2 ]Pi, PiffiP 2 ] 
and 

(198) rgyr[Pi, P 2 ] = rgyr[P 1 ®P 2 , P 2 rgyr[P!, P 2 ]] 
for all Pi,P 2 e K nxm . 

13.3. Bi-gyration Reduction Properties III. As in Subsect. 113.21 let Pi,P 2 £ 
M nxm , and let J(Pi,P 2 ) be the bi-boost symmetric product 


(199) 


■/(P,P 2 ) = 



which is symmetric with respect to the central bi-boost factor (P 2 ,/„,/ m ) t . Then 


J(Pi,P 2 ) = 


(200) 


/ P 2 ®Pi 

lgyr[P 2 ,Pi] 

Vrgyr[P 2 ,Pi] 


Pirgyr[P 2 ,Pi]®(P 2 ®Pi) 
lgyr[Pirgyr[P 2 ,Pi],P 2 ®Pi]lgyr[P 2 ,Pi] | =: 
Vrgyr[P 2 , P x ]rgyr[Pjrgyr[P 2 , Pi], P 2 ffiPi], 
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By means of p-EES it is clear that 
(201) J(Pi,P 2 )- 1 = J(-P 1} -P 2 ). 

Hence, by the gyroautomorphic inverse property (11181) . p. 1201 and by the bi-gyration 
even property, (11191) . p. l20l it is clear from (12001) that 


( 202 ) 




(~P;i 


J(-P 1; -P 2 ) = 



But, it follows from the inverse Lorentz transformation (1931) . p. [T51 that 


(203) 


J(Pi,P2)~ 1 = 



Comparing the right sides of (I203D and (12021) , we find that O m = I m and O n = I n . 
Hence, the bi-boost product J(Pi,P 2 ) is, again, a bi-boost, so that by (12001) . 


(204) 


J{Pl,P2) 


/Pirgyr[P 2 , Pi]®(P 2 ffiPi)\ 

In 

V Im ) 


Following (12041) and (12001) we have the bi-gyration identities 
lgyr[Pirgyr[P 2 , Pi], P 2 ®Pi]lgyr[P 2 , Pi] = I n 

(205) 

rgyr[P 2 , Pi]rgyr[Pirgyr[P 2 , Pi], P 2 ®Pi] = I m , 

implying 

igyi’I-Pi, ^ 2 ] = lgyr[Pi r gyr[P 2 , Pi], P 2 ®Pi] 

(206) 

rgyr[Pi, P 2 ] = rgyr[Pirgyr[P 2 , Pi], P 2 ®Pi] , 
for all Pl,P 2 G K nxm . 

The first entries of (11801) and (12001) imply the interesting identity 

(207) (Pi®P 2 )ffilgyr[Pi, P 2 ]Pi = Pirgyr[P 2 , Pi]®(P 2 ffiPi). 


13.4. Bi-gyration Reduction Properties IV. Let {PiJnJmf and (P 2 ,/„,/ m ) t 
be two given bi-boosts in the pseudo-Euclidean space R m,rl , and let the bi-boost 
(. X , O n ,O m Y be given by the equation 



(208) 
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Then the following two consequences of (12081) are equivalent, 


(209) 


and 




(P'2\ 

/©Pl\ 

fx\ / 

(210) 

In = 

In 

On = 


\Im) 

V Im ) 

\O m J \ 


( P\ ©P 2 
lgyr[Pi,P 2 ] 
V r gyr[Pi, P 2 ] 


ePiO m ®x 
Igyr [QPiO m ,X]O n 


The matrix equation (12101) in ffi 1 "’ 71 implies 

O n = lgyr[A',0PiO m ] 

Om = rgyr[X, 0PiO m ], 
so that, by the first entry of the matrix equation (I209D . 

O n = lgyr[Pi®P 2 , ©PlOm] 
O m = rgyr[Pi®P 2 , ©PiO m ] . 


( 211 ) 


( 212 ) 


Inserting O n and O m from the second and the third entries of the matrix equation 
(12091) into (12121) . we obtain the reduction properties 

lgyr[Pi,P 2 ] = lgyr[Pi®P 2 ,0Pirgyr[Pi,P 2 ]] 

(213) 

I'gyr[-Pi,p 2 ] = rgyr[Pi®P 2 ,©Pirgyr[Pi,P 2 ]] , 


thus recovering (11781) . 

As a first example, the first reduction property in (12131) gives rise to the reduction 
property 


(214) lgyr[Pi, P 2 ] = lgyr[(P 1 ®P 2 )rgyr[P 2 , Pi], ©P x ] 

in the following chain of equations, which are numbered for subsequent explanation. 

(1) 

Igyr[P l, p 2 ] = lgyr[P!©P 2 , ©Pirgyr[Pi, P 2 ]] 

(2) 

(215) = lgyr[(P 1 ®P 2 )rgyr[P 2 ,P 1 ],©P 1 rgyr[P 1 ,P 2 ]rgyr[P 2 ,P 1 ]] 

(3) 

= lgyr[(Pi®P 2 )rgyr[P 2 , Pi], ©Pi] . 

Derivation of the numbered equalities in (I215D follows: 


(1) This is the first identity in (12131) . 

(2) Item © is derived from Item (JT]) by applying Identity (11441) of Theorem l20l 
p. [261 with O m = rgyr[P 2 , Pi]. 

(3) Item [3] follows immediately from Item [2] by the bi-gyration inversion law 

dug) , p.cn 
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As a second example, the second reduction property in (I213D gives rise to the 
reduction property 

(216) rgyr[Pi, P 2 ] = rgyr[(Pi©P 2 )rgyr [P 2 , Pi], ©Pi] 

in the following chain of equations, which are numbered for subsequent explanation. 


(1) 

rgyr[Pi, P 2 ] rgyr[Pi©P 2 , 0Pirgyr[Pi, P 2 ]] 

( 2 ) 

' " * ' ' rgyr[(Pi®P 2 )rgyr[P 2 , Pi], ©Pirgyr[Pi, P 2 ]rgyr[P 2 , Pi]] 

(3) 

rgyr[(Pi®P 2 )rgyr[P 2 ,Pi],ePi] . 

Derivation of the numbered equalities in (12171) follows: 


(1) This is the second identity in (I213D . 

(2) Being the inverse of rgyr[Pi, P 2 ], the right gyrations rgyr[P 2 , Pi] and rgyr[Pi, P 2 ] 
commute. Hence, by Item[lJ the right gyrations rgyr[P 2 , Pi] and rgyr[Pi©P 2 , ®Pirgyr[Pi, P 2 ]] 
commute. The latter commutativity, in turn, implies Item [2] by Corollary 

[HI P- [261 with O m = rgyr[P 2 ,Pi], 

(3) Item [3] follows immediately from Item [2] by the bi-gyration inversion law 

■innD. pEm 


Formalizing the results in (12141) and (12161) we obtain the following interesting 
theorem. 


(218) 


Theorem 34. For all Pi,P 2 £ R" xm , 

lgyr[Pi,P 2 ] = lgyr[Pi©'P 2 ,®'Pi] 
rgyr[Pi,P 2 ] = rgyr[Pi©'P 2 , ©'Pj 
where ©' is a binary operation in R” xm given by 

(219) Pi©'P 2 = (Pi©P 2 )rgyr[P 2 , Pi]. 


It follows from (I219D that 

(220) ®'P = ©P=-P. 

for all PeR BXra 


14. Bi-gyrogroups 

Theorem [33] indicates that it will prove useful to replace the binary operation © 
in R" Xm by the bi-gyrogroup operation ©' in R nxm in Def. [331 below. 

Definition 35. (Bi-gyrogroup Operation, Bi-gyrogroups). Let (R” xm ,©) 

be a bi-gyrogroupoid (Def. [TU p. fl6l) . The bi-gyrogroup binary operation ©' in 
R nxm is given by 

(221) Pi©'P 2 = (PiffiP 2 )rgyr[P 2 , Pi] 

for all Pi,P 2 £ R nxm . The resulting groupoid (R" xm ,©') is called a bi-gyrogroup. 
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Following (12211) we have, by right gyration inversion, (I162bl) . p. [301 

(222) Pi©P 2 = (Pi®'P 2 )rgyr[Pi, P 2 ] 
for all Pl,P 2 G R nxm . 

We will find in the sequel that the bi-gyrogroups (K" xm ,®'), rather than the 
bi-gyrogroupoids (R nxm ,®), form the desired elegant algebraic structure that the 
parametrization of the Lorentz group SO(m, n ) encodes. The point is that we must 
study bi-gyrogroupoids in order to pave the way to the study of bi-gyrogroups. 

The bi-gyrogroup operation ©' is determined in (12211) in terms of the bi-gyrogroupoid 
operation ® and a right gyration. It can be determined equivalently by ® and a 
left gyration as well. Indeed, it follows from (12211) and the bi-gyrocommutative law 
(ED, P-E01 in (R" xm ,©) that 

(223) Piffi'P 2 = lgyr[Pi, P 2 ](P 2 ®Pi) 
and hence 

(224) PiffiP 2 = lgyr[Pi, P 2 ](P 2 ffi , Pi) 
for all Pl,P 2 G R nxm . 

Following Def. [35] of the bi-gyrogroup binary operation ©' in R raxm , it proves 
useful to express the bi-gyrations of R nxm in terms of ©' rather than ®, in the 
following theorem. 

Theorem 36. (Bi-gyrogroup Bi-gyrations). The left and right bi-gyration in 
the bi-gyrogroup (R" xm ,®') are given by the equations 

(225) 

lgyr[Pi, P 2 ] = y/l n + (Plffi'P 2 )(Pl® , P 2 ) t |PlP 2 ‘ + ^//n+PlP i y/n+P 2 P 2 t | 

rgyr[P!,P 2 ] = |pfP 2 + y/l m + P£Piy/lm + P$Pi j \A- + (iW^i)*(P 2 ©'Pi) 
for all Pi,P 2 G R nxm . 

Proof. Noting that rgyr[Pi,P 2 ] G SO(m), the first equation in (I225D follows from 
(12221) and the second equation in (11071) . n. H8l Similarly, noting that lgyr[Pi,P 2 ] G 
SO(n), the second equation in (12251) follows from (12241) and the third equation in 

ED- □ 

Note that the first equation in (12251) and the second equation in (11071) . n.flBl are 
identically the same equations with a single exception: the binary operation ® in 
(1 1071) is replaced by the binary operation ®' in (12251) . Note also that the order of 
gyrosummation in the second equation in (I225D is P 2 ®'Pi rather than Pi®'P 2 . 

Clearly, the identity element of the groupoid (R” xrra ,®') is 0 n , m , and the inverse 
Q'P of P G (R nxm ,®') is ©'P = ©P = —P, as stated in (12201) . noting that 
rgyr[©P, P] = I m is trivial according to Corollary El P- El 
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Following a study of bi-gyrogroups in the sequel we will present an axiomatic ap¬ 
proach to bi-gyrogroups, which forms a natural extension of the axiomatic approach 
to groups and to gyrogroups. 

Theorem 37. (Bi-gyrogroup Left and Right Automorphisms). 

o n {P 1 ®'p 2 ) = o n p 1 ®'o n p 2 

(226) (Pi©'P 2 )O m = PiO m ®'P 2 O m 

O n (Pi®' P 2 )O m = O n P\O m (B' O n P 2 O m 
for all Pi,P 2 € R raxm , O n G SO(n) and O m £ SO{m). 


Proof. The first identity in (12261) is proved in the following chain of equations, which 
are numbered for subsequent explanation. 

(1) 

On(Pi© , -P 2 )= On(Pi®P 2 )rgyr[P 2 ,Pi] 

( 2 ) 


(227) 


= (0 n Pi©0„P 2 )rgyr[P 2 ,Pi] 

(3) 

(0„Pi©0„P 2 )rgyr[0„P 2 ,0„Pi] 


(4) 

= OrjWOnP‘2 . 


Derivation of the numbered equalities in (I227D follows: 

(1) Follows from Def. [35] 

(2) Follows from the first identity in (11211) . p. [20] 

(3) Follows from (11451) . p. [26] 

(4) Follows from Def. [35] 

The second identity in (12261) is proved in the following chain of equations, which 
are numbered for subsequent explanation. 


(1) 


(Pi©'P 2 )O m = 

(PiffiP 2 )rgyr[P 2 , Pi]O m 

(2) 



(PiffiP 2 )O m rgyr[P 2 O m , PiO m ] 

(3) 



(PiOm©P 2 O m )rgyr[P 2 O m , PiO m 

(4) 



PlO m ffi , P 2 O m . 


Derivation of the numbered equalities in (I228D follows: 

(1) Follows from Def. [35] 

(2) Follows from in (1138D . p. l24l 

(3) Follows from the second identity in (11211) , p. [20] 

(4) Follows from Def. [35] 
















43 


Finally, the third identity in (I226D follows immediately from the first two identi¬ 
ties in (12261) . □ 

The maps O n : P O n P , O m : P PO m , and (O n ,O m ) : P i-S- O n PO m of 
R nxm onto itself are bijective. Hence, by Theorem l37l 

(1) the map O n : P ^ O n P is a left automorphism of the bi-gyrogroup 

(R nxm , ® / ); 

(2) the map O m : P >->• PO m is a right automorphism of the bi-gyrogroup 
(nr xm ,©'); and 

(3) the map ( O n , O m ) : P K > O n PO m is a bi-automorphism of the bi-gyrogroup 
(R" xm , ©') (A bi-automorphism being an automorphism consisting of a left 
and a right automorphism). 

Theorem 38. (Left Cancellation law in (R™ xm , ©')). The bi-gyrogroup (R” xm , ©') 
possesses the left cancellation law 

(229) e'iWCPiS'Pa) = Pi , 

for all Pi,P 2 G R nxm . 


Proof. The proof is provided by the following chain of equations, which are num¬ 
bered for subsequent explanation. 

(230) 

(i) 

e'Pi®' (Pi ®'P 2 ) = ©Pi ©'(Pi ©p 2 )rgyr[P 2 , Pi] 


( 2 ) 

(©Pi®(PiffiP 2 )rgyr[P 2 , Pi])rgyr[(Pi©P 2 )rgyr[P 2 , Pi], ©Pi] 
(3) 

(©Pi©(Pi©P 2 )rgyr[P 2 , Pi])rgyr[Pi, P 2 ] 


(4) 

^ ©Pirgyr[Pi,P 2 ]©(Pi©P 2 ) 


(5) 


Pi- 


Derivation of the numbered equalities in (12301) follows: 


(1) Follows from (12201) and from Def. [35] of ©' applied to Pi©'P 2 . 

(2) Follows from Def. [35] of ©'. 

(3) Follows from (12161) . p. [TO] 

(4) Follows from the second identity in (11211) of Theorem[l5l p.l20l applied with 
O m = rgyr[P 2 ,Pi], and from the bi-gyration inversion law (11561) . p. [?9l 

(5) Follows from the left cancellation law (11701) . p. [32] in (R” xm , ©). 


□ 


Lemma 39. Let O n G SO(n) and O m G SO(m ), n,m G N. Then, 

(231) O n PO m = P 

for all P G R nxm if and only if O n = I n and O m = I m . 
















44 


Proof. If O n = I n and O m = I m , then obviously (I231D is true for all P G R nxm 
Conversely, assuming O n PO m = P , or equivalently, 

(232) O^P = PO m , 


O n G SO(n), O m G SO(m), for all P G R nxm , we will show that O n = I n and 
Om — Im- 
Let 


(233) 

( an 

O* = : 

n 

\&nl 

a ln \ 

• • ^nnj 

G SO{n) 

and 




(234) 

/bn .. 

Om = \ 

\bml 

• b\m \ 

• bmmj 

G SO{m) 


Furthermore, let P™ G KC* 7 ” be the matrix 


(235) 


P — 

r *3 ~ 


/o ... 0 ... o\ 


0 ... 1 ... 0 


\0 ... 0 ... 0 

with one at the i_)-entry and zeros elsewhere, i = 1 ,..., n, j = 1 , ..., m. 
Then the matrix product O^Py, 



/ 0 ... 

an 

.. o\ 

(236) O l n P %3 = 

0 ... 

O'ii 

.. 0 


1 ° 

&ni 

.. 0 ) 

is a matrix with j-th column (an,. 

• ? • ■ 

• 5 ®ni ) 


explicitly in (12361) are the first column, the j-th column and the m-th column of the 
matrix O^Pij, along with its first row, i-th row and n-th row. 
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Similarly, the matrix product PijOm, 

( 0 ... 0 ... 0 \ 


(237) 


P O — 

1 ij 




bjj 


bjm 


\ 0 ... 0 ... 0 / 

is a matrix with i-th row ( bij ,..., bjj, ..., bj m ) and zeros elsewhere. Shown ex¬ 
plicitly in (12371) are the first column, the j-th column and the ?n-th column of the 
matrix PijO m , along with its first row, i- th row and ro-th row. 

It follows from (12321) that (12361) and (12371) are equal. Hence, by comparing entries 
of the matrices in (12361) (12371) we have 


(238) 
and 

(239) 


da — b j 


da 1 — 0 

bjji = 0 


for all i,ii = 1 ,..., n, and all j, j\ = 1 ,..., m, i\ ^ i and j\ ^ j. 
By (12381) (12391) and (I233D (I234D we have 


(240) 


On — 

Om. = ATrr 


Moreover, A = 1 since, by assumption, O n £ SO(n ) and O m £ SO{m). Hence, 
O n = I n and O m = / m , as desired. □ 


The following Lemma 00] is an immediate consequence of Lemma 1391 
Lemma 40. Let O n ,k £ SO(n ) and O m ,k £ SO(m), n,m £ N, k = 1,2. Then, 
(241) O n ,iPO m ,i = O n , 2 PO m ,2 

for all P £ R nxm if and only if O n .i = O n ,i and O m q = O m ,i- 


15. Bi-gyration Decomposition and Polar Decomposition 

In this section we present manipulations that lead to the bi-gyroassociative and 
bi-gyrocommutative laws of the binary operation ®' in Theorems 04] and 05] below. 

The product of two bi-boosts, B(P\) and B(P 2 ), P\,P 2 £ R raxm , is a Lorentz 
transformation A = B{Pi)B{P 2 ) £ SO(m,n) that need not be a bi-boost. As 
such, it possesses the bi-gyration decomposition (izsi), P . mi as well as the polar 
decomposition (l83l) . p. 0S1 along with the bi-gyration in (11031) . p. QT] 
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The bi-gyration decomposition of the bi-boost product gives rise to the binary 
operation ® in R nxm as follows. By (11021) . n.flTl the bi-boost product P(Pi)P(P 2 ) 
possesses the unique bi-gyration decomposition (I104D . 

(242) £(Pi)£(P 2 ) = p(rgyr[Pi,P 2 ])P(Pi 2 )A(lgyr[P 1 ,P 2 ]) 
where, by Def. HH p. [T6l 

(243) Pi 2 =: Pi®P 2 ■ 


Similarly, the polar decomposition of the bi-boost product gives rise to the binary 
operation ®' in R” xm as follows. By (1531) . p. 1151 and (11031) . the bi-boost product 
P(Pi)P(P 2 ) possesses the unique polar decomposition 

(244) P(Pi)P(P 2 ) = P(P" )p(rgyr[P 1 ,P 2 ])A(lgyr[P 1 ,P 2 ]) 
where, by definition, 

(245) P" 2 =: Pi®"P 2 . 

In order to see the relationship between the binary operations ® and ®' in R raxm 
we employ the second identity in G7|), p. [12] with O m = rgyr[Pi, P 2 \ to manipulate 
the polar decomposition (12441) into the equivalent bi-gyration decomposition, 

P(Pi)P(P 2 ) = P(P 1 " 2 )p(rgyr[P 1 , P 2 ])A(lgyr[P 1 , P 2 ]) 

= p(rgyr[Pi, P 2 ])P(P" 2 rgyr[Pi, P 2 ])A(lgyr[Pi, P 2 ]). 


Comparing (I246D with (12421) . noting that the bi-gyration decomposition is unique, 
we find that Pi 2 rgyr[P- 1 ,P 2 ] = P 12 , or equivalently, by means of (12431) and (12451) . 


(247) 


Pi®"P 2 = (P 1 ®P 2 )rgyr[P 2 , PI] 
Pi®P 2 = (Pi®"P 2 )rgyr[P 1 ,P2] 


in agreement with the definition of ®' in Def. [35] Hence, 


(248) 


It follows from (12481) that the bi-gyrogroup operation ®' = ®" in Def. [35] stems 
from the polar decomposition (12441) . just as the bi-gyrogroupoid operation ® stems 
from the bi-gyration decomposition (12421) . 

It is convenient here to temporarily use the short notation 


(249) 


Lp u p 2 ■= lgyr[Pi,P 2 ] 
Rpi,P 2 ■= rgyr[Pi,P 2 ] 


in intermediate results, turning back to the full notation in final results, noting that 
Lp 1 p 2 = Lp 2 p 1 and Rp x p 2 = Rp 2 ,Pi- 

Identities (I244[) and (12471) imply 

P (R Pi ,p 2 )\(Lp u p 2 ) = P(-(P 1 ®P 2 )Pp 2 , Fi )P(P 1 )P(P 2 ) . 


(250) 
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Identities (12421) and (12471) imply, by right gyration inversion, the following chain 
of equations, which are numbered for subsequent explanation. 

(1) 

B(P 1 ©P 2 )A(L Pi ,p 2 )^ p(Rp 2 , Pi )B(P 1 )B(P 2 ) 

( 2 ) 

(251) = P(P 1 Pp 1 ,p 2 ) / 9(Pp 2 ,p 1 )P(P 2 ) 

(3) 

B(P 1 R Pl ,p 2 )P(P 2 P Fl , p 2 ) P (Rp 2 , Pl ) . 

Derivation of the numbered equalities in (12511) follows: 

(1) This identity is obtained from (12421) and (12431) by using the right gyration 
inversion law in (I156D according to which p(rgyr[Pi, P 2 ]) _1 = p{Rp 2 p 1 ). 

( 2 ) Follows from Item (JTJ by an application to P(Pl) of the second identity 
in ( 1771 ) . n. Il 2 l with O m = Rp 2t p r , noting the right gyration inversion law, 
Rpi,P 2 Rp 2 , Pl = Im- 

(3) Like Item ([2]), Item Q follows from an application to P(P 2 ) of the second 
identity in ( 1771 ) . p.H 2 l with O m = Pp 2 ,p 15 noting the right gyration inversion 
law, Rp 1 ,p 2 Rp 2 ,Pi = Im- 

By means of (12511) and right gyration inversion we have 

(252) P(Pi©P 2 ) = P(PiPp 1 ,P 2 )P(P 2 Pp 1 ,P 2 )p(Pp 2 ,P 1 )A(Lp 2 ,p 1 ) 
so that, by bi-boost inversion, 

(253) p(Pp 2 i p 1 )A(Pp 2 i p 1 ) = P(0P 2 Pp 1 ,p 2 )P(0PiPp 1i p 2 )P(Pi©P 2 ) . 

Inverting both sides of (I253D and noting that the matrices A(Lp 1: p 2 ) and /o(Ppi,p 2 ) 
commute, we obtain the identity 

(254) p(P Pi ,p 2 )A(Lp 1 ,p 2 ) = P(0(Pi©P 2 ))P(P 1 Pp 1 ,p 2 )P(P 2 Pp 1 ,p 2 ) . 

Comparing (12501) and (12541) . we obtain the identity 

P( 0 (Pi©P 2 )i?.p 2 ,p 1 )P(P 1 )P(P 2 ) = P(0(Pi©P 2 ))P(PiPp 1 ,p 2 )P(P 2 Pp 1 ,p 2 ) 

(255) 

= p(Pp 1 ,p 2 )A(Lp l! p 2 ), 

which, in full notation, takes the form 

P( 0 (Pi 0 P 2 )rgyr[P 2 ,P 1 ])P(P 1 )P(P 2 ) 

(256) = P( 0 (Pi 0 P 2 ))P(Pirgyr[Pi,P 2 ])P(P 2 rgyr[Pi,P 2 ]) 

= p(rgyr[Pi, P 2 ])A(lgyr[Pi, P 2 ]) . 

By Def. [35J the extreme sides of (1256|) yield the identity 

(257) p(rgyr[Pi, P 2 ])A(lgyr[Pi, P 2 j) = P(©(P 1 ©'P 2 ))P(P 1 )P(P 2 ), 
so that for all Pi,P 2 ,X e M" xm , 

(258) p(rgyr[Pi, P 2 ])A(lgyr[Pi, P 2 ])P(X) = P( 0 (P 1 0 , P 2 ))P(P 1 )P(P 2 )P(X). 
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Let Ji (J 2 ) denote the left (right) side of (12581) . Using the column notation in 
(Esi), p.m we manipulate the left side, Ji, of (12581) as follows, where we apply the 
Lorentz transformation product law (11481) . p. [271 and note Corollary [H] on trivial 
bi-gyrations. 

(259) 

Ji = p(rgyr[Pi,P 2 ])A(lgyr[Pi,P 2 ])B(X) 




\rgyr[Pi, Pi 


( lgyr[Pi,P 2 ]X 

lgyr[0„, m , lgyr[Pi, P 2 ]X]lgyr[P 1 , P 2 ] 
\rgyr[Pi, P 2 ]rgyr[O n , m , lgyrfPi ,P 2 ]X] 


( 0 n,m 

lgyr[Pi,P 2 ] 
V r gyr[Pi, P 2 ] 



Ugyr[Pi,P 2 ]X\ 
lgyr[Pi,P 2 ] =: 
\ rgyr[Pi,P 2 ] / 



Similarly, applying the Lorentz transformation product law (11481) we manipulate 
the right side, J 2 , of (12581) as follows. 

(260) 

J 2 = P(0(Pi©'P 2 ))P(Pi)P(P 2 )P(X) 


/0(Pi® , P 2 ) n 

In 

Im. 





/0(Pi® , P 2 ) n 

In 

‘tii 



/ P 2 ®X \ 
igyr[P 2 , x] 
\rgyr[P 2 , X}) 


/e(Pi®'p 2 ) N 

In 

Im. 


/ P 1 rgyr[P 2 ,X]©(P 2 ®X) 

Igyr[Pirgyr[P 2 , X], P 2 ®X]lgyr[P 2 , X] 
\rgyr[P 2 , X]Tgyi[P 1 Tgyi[P 2 ,X],P 2 ®X] 


In the following equations (I261D we adjust each entry of the right column of the 
extreme right side of (12601) to our needs. 

By the second equation in (11211) . p. EHl with O m = rgyr[P 2 , A'], and the right 
gyration inversion law (I162bl) . and by (122 1 D (12221) . we have 

Pirgyr[P 2 ,X]®(P 2 ®X) = {Pi®(P 2 ffiX)rgyr[X, P 2 ]}rgyr[P 2 , X] 

(261a) ={P 1 ®(P 2 ®'X)}rgyr[P 2 ,X] 

= {Piffi , (P 2 ® , X)}rgyr[P 1 , P 2 © , X]rgyr[P 2 , X] . 


By (11441) with O m = rgyr[X, P 2 ], and the right gyration inversion law (Il62bl) . 
and by (I221D . we have 

lgyr[Pirgyr[P 2 , X], P 2 ffiX] = lgyr[Pi, (P 2 ffiX)rgyr[X, P 2 ]] 

= lgyr[P 1 ,P 2 © , X]. 


(261b) 
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By (11381) with O m = rgyr[P 2 ,X], and the right gyration inversion law (I162bl) . 
and by (12211) . we have 

(261c) 

rgyr[P 2 , AT]rgyr[Pirgyr[P 2 , X], P 2 ©X] = rgyr[Pi, (P 2 ®X)rgyr[X, P 2 ]]rgyr[P 2 , X] 

= i'gyr[Pi, P 2 ©'X]rgyr[P 2 , X] . 


By means of the equations in (12611) , the extreme right side of (I260D can be written 


as 

(262) 


Ji = 


/e(Pi®'p 2 ) 

In 

Im. 


/{Pi® , (P 2 ® / A')}rgyr[Pi, P 2 ©'X]rgyr[P 2 , X] 
lgyr[P 1 ,P 2 ffi'X]lgyr[P 2 ,X] 

V rgyr[Pi, P 2 ffi , X]rgyr[P 2 , X] 



We now face the task of calculating A 2 , P 2 and C 2 by means of the Lorentz 
product law (I148D . Applying the Lorentz product law to (12621) . we calculate the 
second entry, P 2 , of J 2 and simplify it in the following chain of equations, which 
are numbered for subsequent explanation, and where we use the notation 

(263) O m = rgyr[P 1 , P 2 ® , X]rgyr[P 2 , X]. 


(264) 

(1) 

P 2 = lgyr[®(Pi® , P 2 )O m ,{Piffi , (P 2 ® , X)}O m ]lgyr[Pi,P 2 ®'X]lgyr[P 2 ,X] 

( 2 ) 

= lgyrl®^®^), Pi®'(P 2 ®'X)]lgyr[P 1 , P 2 ® , X]lgyr[P 2 , X]. 

Derivation of the numbered equalities in (12641) follows: 

(1) This equation is obtained by calculating the Lorentz transformation product 
in (12621) by means of (1148p . selecting the resulting second entry, and using 
the notation in (12631) . 

(2) Follows from Item (jT]) by omitting the matrix O rn from the two entries of 
lgyr according to (11441) . p. [211 

By (|258l) . Ji = J 2 and hence, by (1259jl and (12621) . P 2 = Pi, that is, by (12641) and 

urn 


(265) lgyr [0 (Pl ©^ 2 ), Piffi , (P 2 © , X)]lgyr[Pi, P 2 © , X]lgyr[P 2 , X] = lgyr [Pi, P 2 ] 


for all Pi,P 2 ,X G R nxm 
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Similarly, we calculate the third entry, C 2 , of J 2 and simplify it in the following 
chain of equations, which are numbered for subsequent explanation. 

(266) 

(1) 

C 2 rgyr[Pi, P 2 ©'X]rgyr[P 2 , X] 

rgyr[0(Pi®'P 2 )rgyr[P 1 , P 2 ffi'X]rgyr[P 2 , X], {P 1 ffi'(P 1 ©'X)}rgyr[P 1 , P 2 ® , X]rgyr[P 2 , X]] 

( 2 ) 

rgyr[Pi, P 2 © , X]rgyr[0(Pi® , P 2 )rgyr[Pi, P 2 ©'X], {Pi©'(P 2 ffi , X)}rgyr[Pi, P 2 ©'X]] 
rgyr[P 2 , X] 

(3) 

= rgyr[®(P 1 ©'P 2 ), Pi© , (P 2 ® , X)]rgyr[P 1 , P 2 ® / X]rgyr[P 2 , X]. 

Derivation of the numbered equalities in (I266D follows: 

(1) This equation is obtained by calculating the Lorentz transformation product 
in (12621) by means of (11481) . and selecting the resulting third entry. 

(2) Follows from Item ([1]) by applying Identity (I138D . p.liHl with O m = rgyr[P 2 , X]. 

(3) Follows from Item @ by applying Identity (I138D . p.liHl with O m = rgyr[Pi, P 2 ©'X]. 

By (12581) . Ji = J 2 and hence, by (12591) and (12621) . C 2 = C\, that is, by (12661) and 

urn 

(267) rgyr[®(Pi©'P 2 ), Piffi / (P 2 ©'X)]rgyr[Pi, P 2 ©'X]rgyr[P 2 , X] = rgyr[Pi, P 2 ] 

for all Pi,P 2 ,X G R nxm . 

We are now in a position to calculate the first entry, A 2 , of J 2 and simplify it in 
the following chain of equations, which are numbered for subsequent explanation. 

(1) 

0(Pi© / P 2 )rgyr[Pi, P 2 ©'X]rgyr[P 2 , X] 
ffi{Pi© , (P 2 ffi'X)}rgyr[Pi, P 2 ©'X]rgyr[P 2 , X] 

(2) 

. , . = {©(P 1 © , P 2 )®{P 1 © , (P 2 © / X)}}rgyr[P 1 ,P 2 © , X]rgyr[P 2 ,X] 

^ 268 ^ (3) 

= {©(Pi© , 7 : 2 )© , {Pi© , (P 2 © , X)}}rgyr[©(Piffi , P 2 ), Pi© , (P 2 © , X)] 
rgyr[Pi, P 2 ©'X]rgyr[P 2 , X] 

(4) 

= {©(Pi© , 7- 2 )© , {Pi© , (P 2 © , X)}}rgyr[Pi, P 2 ]. 

Derivation of the numbered equalities in (I268D follows: 

(1) This equation is obtained by calculating the Lorentz transformation product 
in (12621) by means of (11481) . and selecting the resulting first entry. 

(2) Item © is obtained by using the second Identity in (11211) with 

O m = rgyr[Pi,P 2 ©'X]rgyr[P 2 ,X]. 

(3) The binary operation © that appears in Item ([2]) is expressed here in terms 
of the binary operation ©' by means of (12221) . 
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(4) Item Q follows from Item (0 by Identity (12671) . 

By (12581) . J\ = J 2 and hence, by (12591) and (12621) . A 2 = Aj , that is, by (12681) and 

<tm 

(269) {e(Pi® , P 2 )® , {Pi® , ( J P 2 © , X)}} r gy r [P 1 , P 2 ] = lgyi'IP, P 2 ]X . 

Hence, by right gyration inversion, 

(270) e , (Piffi , P 2 )©'{P 1 ®'(P 2 ® , A')} = lgyrfPr, P 2 ]Argyr[P 2 , P x ] 
for all Pi, P 2 , X <E R raxm . 

Left gyroadding (Piffi , P 2 )ffi / to both sides of (I270D and applying the left cancel¬ 
lation law (12291) . we obtain the left bi-gyroassociative law , 

(Pi©'P 2 )©'lgyr[Pi, P 2 ]Xrgyr[P 2 , Pr] 

(271) = (Pi© , P 2 )©'{© , (Pi® , P 2 )© , {Pi© , (P2® , A)}} 

= Piffi , (P 2 © , A). 

Theorem 41. (Bi-gyrogroup Left and Right Bi-gyroassociative Law). The 

binary operation ©' in M nxm possesses the left bi-gyroassociative law 

(272) P!®'(WX) = (Piffi'P 2 )© , lgyr[P 1 , P 2 ]Argyr[P 2 , P x ] 
and the right bi-gyroassociative law 

(273) (Piffi , P 2 )©'A = P 1 © , (P 2 ©'lgyr[P 2 , P 1 ]Xvgyr[P 1 , P 2 ]) 
for all Pi, P 2 , X <E R raxm . 

Proof. The left bi-gyroassociative law (12721) is proved in (I271D . 

The right bi-gyroassociative law (12731) results from an application of the left 
bi-gyroassociative law to the right side of (12731) , by means of bi-gyration inversion, 

Pi©'(P 2 ©'lgyr[P 2 , Pi]Argyr[Pi, P 2 ]) 

(274) = (Pi©'P 2 )© , lgyr[Pi, P 2 ]lgyr[P 2 , Pi]Argyr[Pi, P 2 ]rgyr[P 2 , P ± \ 

= (Pi©'P 2 )© , A . 

□ 


16. Bi-gyrocommutative Law 

The bi-gyrocommutative law in (R” xm , ©') is obtained in Sect.[l5]by comparing 
the bi-gyration decomposition and the polar decomposition of the bi-boost prod¬ 
uct A = P(Pl)P(P 2 ). In this section we derive the bi-gyrocommutative law in 
(R nXm ,®') from its counterpart (11611) . p. l30l in (R” xm ,ffi). 

Theorem 42. (Bi-gyrocommutative Law in (R” xm ,©')). The binary opera¬ 
tion ©' in M" xm possesses the bi-gyrocommutative law 

(275) Pi©'P 2 = lgyr[Pi, P 2 ](P 2 © , Pi)rgyr[P 2 , P{\ 

for all Pi,P 2 £ R nxm . 
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Proof. By means of (12221) . p. m and right gyration inversion (I162bl) . p. [3U1 the 
bi-gyrocommutative law (11611) . p.l30l in (R” xm ,®) can be expressed in terms of ®' 
rather than ®, obtaining 

(Pl® , P 2 )rgyr[Pi, P 2 ] = lgyr[Pi, P 2 ](P 2 ®'Pi)rgyr[P 2 , Pi]rgyr[Pi, P 2 ] 

(276) 

= lgyr[P 1 ,P 2 ](P 2 ®'P 1 ). 

Identity (12751) of the Theorem follows immediately from (I276D by right gyration 
inversion. □ 


17. Gyrogroup Gyrations 

The bi-gyroassociative laws (12721) (12751) and the bi-gyrocommutative law (12751) 
suggest the following definition of gyrations in terms of left and right gyrations. 

Definition 43. (Gyrogroup Gyrations). The gyrator 

gyr : R nxm x R nxm Aut(ir xm , ®') 

generates automorphisms called gyrations, gyr[Pi,P 2 ] £ Aut(R" xm , ®'), given by 
the equation 

(277) gyr [Pi, P 2 ]X = lgyr[Pi, P 2 ]Xrgyr[P 2 , P,\ 

for all Pi,P 2 ,A £ M” xm , where left gyrations, lgyr[Pi,P 2 ], and right gyrations, 
rgyr[P 2 ,Pi], are given in (11071) . p.fTSl The gyration gyr[Pi,P 2 ] is said to be the gy¬ 
ration generated by Pi, P 2 £ R" xm . Being automorphisms of (R raxm , ®'), gyrations 
are also called gyroautomorphisms. 

Def. 03] will turn out rewarding, leading to the discovery that any bi-gyrogroup 
(R” xm ,®') is a gyrocommutative gyrogroup. 

Theorem 44. (Gyrogroup Gyroassociative and gyrocommutative Laws). 

The binary operation ®' in R nxm obeys the left and the right gyroassociative law 

(278) Pi®'(P 2 ffi'X) = (Pi® / P 2 )®'gyr[Pi, P 2 ]X 
and 

(279) (Pi®'P 2 )®'A = Pi® / (P 2 ®'gyr[P 2 , P^X) 
and the gyrocommutative law 

(280) P!®'P 2 = gyr[Pi,P 2 ](P 2 ffi'Pi). 

Proof. Identities (12781) (12791) follow immediately from Def. [331 and the left and 
right bi-gyroassociative law (12721) (12731) . Similarly, (12801) follow immediately from 
Def. [43] and the bi-gyrocommutative law (12751) . □ 


Lemma 45. The relation (12771) between gyrations gyr[Pi,P 2 ] and corresponding 
bi-gyrations (lgyr[Pi, P 2 ], rgyr[P 2 , Pi]), Pi,P 2 £ (R nxm ,®'), is bijective. 
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Proof. Let P& £ R" xm , k = 1,2, 3,4. Assuming 

(281) (lgyr[P 1 ,P 2 ],rgyr[P 2 ,P 1 ]) = (lgyr[P 3 , P 4 ], rgyr[P 4 , P 3 ]), 
it clearly follows from (12771) that 

(282) gyr[P 1 ,P 2 ]=gyr[P 3 ,P 4 ]. 

Conversely, assuming (I282D . then 

(283) gyr[Pi, P 2 \X = gyr[P 3 , P 4 ]X 
for all X £ R raxm , so that by (I277D 

(284) lgyr[Pi, P 2 ]Xrgyr[P 2 , Pi] = lgyr[P 3 , P 4 ]Xrgyr[P 4 , P 3 ] 
for all X £ R nxm . 

Noting that lgyr[P, Q\ £ SO(n ) and rgyr[P, Q\ £ SO(m) for any P,Q £ R" xm , 
(12811) follows from (12841) and Lemma l40l p. l45l and the proof is complete. □ 

It is anticipated in Def. 03 that gyrations are automorphisms. The following 
theorem asserts that this is indeed the case. 

Theorem 46. (Gyroautomorphism). Gyrations gyr[P 4 ,P 2 ] of a bi-gyrogroup 
(K nxm ,©') are automorphisms of the bi-gyrogroup. 


Proof. It follows from the bi-gyration inversion law in Theorem 1261 p. 1301 and from 
(12771) that gyr[P 4 ,P 2 ] is invertible, 

(285) gyr- 1 [Pi,P 2 ]=gyr[P 2 ,Pi] 
for all Pi,P 2 £ R nxm . 

Furthermore, noting that lgyr[Pi,P 2 ] £ SO(n) and rgyr[Pi,P 2 ] £ SO(m) it 
follows from (12771) and the third identity in (12261) . p. 02] that 

(286) gyr [Pi, P 2 ](P®'Q) = gyr[Pi, P 2 ]P© , gyr[Pi, P 2 ]Q 

for all Pi, P 2 , P, Q £ R nxm . Hence, by (J2ESD and (EHSD , gyrations of (R nxm , ©') are 
automorphisms of (R™ xm ,©'), and the proof is complete. □ 

Theorem 47. (Left Gyration Reduction Properties). Left gyrations of a 
bi-gyrogroup (R” xm ,©') possess the left gyration left reduction property 

(287) lgyr[Pi, P 2 ] = lgyr[Pi©'P 2 , P 2 ] 
and the left gyration right reduction property 

(288) lgyr[Pi, P 2 ] = lgyr[Pi, P 2 ®'Pi]. 
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Proof. By (1190D . p. 1551 (11441) . p. E6l with O m = rgyr[P 2 , Pi], gyration inversion, 
and (12211) . p. [401 we have the following chain of equations, 
lgyr[-Pi,-P 2 ] = lgyr[Pi®P 2 ,^ 2 rgyr[Pi,P 2 ]] 

= lgyi'[(-Pi©-P 2 )rgyr[P 2 , Pi], P 2 rgyr[Pi, P 2 ]rgyr[P 2 , Pi]] 

(289) 

= lgyr[(Pi©P 2 )rgyr[P 2 , Pi], P 2 ] 

= lgyr[Pi®'P 2 ,P 2 ], 

thus proving (I287D . 

By (11911) . p. 1551 (I145D . p. [2771 with O m = rgyr[Pi,P 2 ], gyration inversion, and 
(BUD , P-Si we have the following chain of equations, 
lgyr[Pi,P 2 ] = lgyr[Pirgyr[P 2 ,Pi],P 2 ®Pi] 

= lgyr[Pirgyr[P 2 , Pi]rgyr[Pi, P 2 ], (P 2 ffiPi)rgyr[Pi, P 2 ]] 

(290) 

= lgyr[Pi, (P 2 ®Pi)rgyr[Pi,P 2 ]] 

= lgyr[Pi,P 2 ffi'Pi], 

thus proving (1288[) . □ 

Theorem 48. (Right Gyration Reduction Properties). Right gyrations of a 
bi-gyrogroup (R nxm ,®') possess the right gyration left reduction property 

(291) rgyr[Pi, P 2 ] = rgyr[Pi®'P 2 , P 2 ] 
and the right gyration right reduction property 

(292) rgyr[Pi, P 2 ] = rgyr[Pi, P 2 ®'Pi] . 

Proof. By (11951) . p.l36l (11451) . p.l26l with O n = lgyr[Pi, P 2 ], gyration inversion, and 
urn p.sii we have the following chain of equations, 
rgyr[Pi,P 2 ] = rgyr[P 2 ®Pi, lgyr[P 2 , Pi]P 2 ] 

= rgyr[lgyr[Pi, P 2 ](P 2 ffiPi), lgyr[Pi, P 2 ]lgyr[P 2 , Pi]P 2 ] 

(293) 

= rgyr[lgyr[Pi, P 2 ](P 2 ®Pi), P 2 ] 

= rgyr[Pi® , P 2 ,P 2 ], 

thus proving (12911) . 

By (11941) . p. [36] (11451) . p. [26l with O n = lgyr[P 2 ,Pi], gyration inversion, and 
(12231) . p. l44l we have the following chain of equations, 

rgyrf-Pi, P 2 ] = rgyr[lgyr[Pi, P 2 ]Pi, Pi®P 2 ] 

= rgyr[lgyr[P 2 , Pi]lgyr[Pi, P 2 ]Pi, lgyr[P 2 , Pi](Pi®P 2 )] 


( 294 ) 


= rgyr[Pi, lgyr[P 2 , Pi](PiffiP 2 )] 
= rgyr[Pi, P 2 ® / P L ] , 
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thus proving (I292D . □ 

Theorem 49. (Gyration Reduction Properties). The gyrations of any bi- 

gyrogroup (K nxm ,©'), to, n £ N, possess the left and right reduction property 

(295) gyr[Pi, P 2 ] = gyr[P 1 ©'P 2 , P 2 ] 
and 

(296) gyr[Pi, P 2 ] = gyr[Pi, P 2 ®'Pi]. 

Proof. Identities (12951) and (12961) follow from Def. [43] of gyr in terms of lgyr and 
rgyr, and from Theorems l47l and l48l □ 


18. Gyrogroups 

We are now in a position to present the definition of the abstract gyrocommuta- 
tive gyrogroup, and prove that any bi-gyrogroup (K raxm ,© / ) is a gyrocommutative 
gyrogroup. 

Forming a natural generalization of groups, gyrogroups emerged in the 1988 
study of the parametrization of the Lorentz group of Einstein’s special relativity 
theory na m]. Einstein velocity addition, thus, provides a concrete example of a 
gyrocommutative gyrogroup operation in the ball of all relativistically admissible 
velocities. 

Definition 50. (Gyrogroups). A groupoid (G, ©) is a gyrogroup if its binary 
operation satisfies the following axioms (Gl) - (G5). In G there is at least one 
element, 0, called a left identity, satisfying 

(Gl) 0©a = a 

for all a £ G. There is an element 0 £ G satisfying axiom (Gl) such that for each 

a £ G there is an element Qa £ G, called a left inverse of a, satisfying 

(G2) 0a©a = 0 . 

Moreover, for any a,b,c £ G there exists a unique element gyr[a, b\c £ G such that 
the binary operation obeys the left gyroassociative law 

(G3) a©(6©c) = (a©6)©gyr[a, 6]c. 

The map gyr[a, b\ : G —> G given by c ^ gyr[a, b]c is an automorphism of the 
groupoid (G,©), that is, 

(Gf) gyr [a, b} £ Aut(G, ©), 

and the automorphism gyr[a, b] of G is called the gyroautomorphism, or the gyration, 
of G generated by a, b £ G. The operator gyr : G x G —> Aut(G, ©) is called the 
gyrator of G. Finally, the gyroautomorphism gyr[a, b] generated by any a,b £ G 
possesses the left reduction property 

(G5) gyr [a, b} = gyr[a©6, b \, 

called the reduction axiom. 

The gyrogroup axioms (Gl) - (G5) in Definition[5n]are classified into three classes: 
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(1) The first pair of axioms, (Gl) and (G2), is a reminiscent of the group 
axioms. 

(2) The last pair of axioms, (G4) and (G5), presents the gyrator axioms. 

(3) The middle axiom, (G3), is a hybrid axiom linking the two pairs of axioms 
in (1) and (2). 

As in group theory, we use the notation aQb = a©(©6) in gyrogroup theory as 
well. 

In full analogy with groups, gyrogroups are classified into gyrocommutative and 
non-gyrocommutative gyrogroups. 

Definition 51. (Gyrocommutative Gyrogroups). A gyrogroup (G,©) is gyro- 
commutative if its binary operation obeys the gyrocommutative law 

(G6) a © b = gyr[a, b](b © a) 

for all a,b £ G. 

Theorem 52. (Gyrocommutative Gyrogroup). Any bi-gyrogroup (R nxm , ©'), 
n, to S N, is a gyrocommutative gyrogroup. 

Proof. We will validate each of the six gyrocommutative gyrogroup axioms (Gl)- 
(G6) in Defs. [50] and HU 

(1) The bi-gyrogroup (R” xm ,©') possesses the left identity 0„, m , thus validat¬ 
ing Axiom (Gl). 

(2) Every element P £ l" xm possesses the left inverse Q'P := —P £ R™ xm , 
thus validating Axiom (G2). 

(3) The binary operation ©' obeys the left gyroassociative law (127811 by Theo¬ 
rem |44l thus validating Axiom (G3). 

(4) The map gyr[Pi,P 2 ] is an automorphism of (K." xm ,© / ) by Theorem 
that is, gyr[Pi,P 2 ] £ Aut(R" xm ,©'), thus validating Axiom (G4). 

(5) The binary operation ©' in R raxm possesses the left reduction property (12951) 
by Theorem 1191 thus validating Axiom (G5). 

(6) The binary operation ©' in R nxm possesses the gyrocommutative law (12801) 
by Theorem ITT! thus validating Axiom (G6). 

□ 


19. The Abstract Bi-gyrogroup 

Following the key features of the bi-gyrogroups (R nxm ,©'), the abstract (bi- 
gyrocommutative) bi-gyrogroup is defined to be an abstract (gyrocommutative) 
gyrogroup the gyrations of which are bi-gyrations. In order to define bi-gyrations 
in the abstract context, we introduce the concept of bi-automorphisms of a groupoid. 

An automorphism of a groupoid (S, +) is a bijective map f of S onto itself 
that respects the groupoid binary operation, that is, /(si + s 2 ) = /(si) + /(s 2 ) 
for all si,s 2 G S. An automorphism group, Auto (S', +), of (S,+) is a group of 
automorphisms of (5, +) with group operation given by automorphism composition. 
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Let Aut^S 1 . +) and Aut/e(S', +) be two automorphism groups of ( S , +), called a 
left and a right automorphism group of (S, +), such that 

(297) Auti(S', +) n Aut_R(S l , +) = I , 

/ being the identity automorphism of (S, +). 

Finally, let 

(298) Auto(5, +) = Aut l(S, +) x Aut# (S', +) 
be the direct product of Aut# (<S,+) and Aut#(,S, +). 

(1) The application of /l G Autz, (S',+) to s G S is denoted by /l(s) or f^s. 

(2) The application of /# G Aut#(S, +) to s G S is denoted by (s)/# or s/r. 

(3) Accordingly, the application of (/l,/h) G Auto(S,+) to s G S is denoted 
by 

(299) (. fL,f R )s = f L sfR 

where we assume that the composed map in (12991) is associative, that is 

(300) (f L s)f R = f L (sf R ). 

Furthermore, we assume that the composed map in (12991) is unique, that is, 

(301) /l,is/a,i = /l, 2 s/h ,2 => /l,i = /l ,2 and 

for any f L<k G Aut l(S’, +), f R ,k € Aut R (S, +), fc = 1,2, and s G S. 

The automorphism group Auto(5, +) = Auti(5, +) x Aut^(S’, +) is said to be a 
bi-automorphism group of the groupoid (5, +). 

Let now the groupoid (S, +) be a gyrogroup. A gyroautomorphism group Auto (S', +) 
of (S, +) is any automorphism group of (S, +) that contains the gyrations of (S, +). 

If Auto(S, +) is a bi-automorphism group of (S, +) then its direct product structure 
(12981) induces a direct product structure for its subset of gyrations 

(302) gyr[si,s 2 ] = (lgyi-[si,s 2 ],rgyr[si,s 2 ]) 
for all si, s 2 G (S, +), where 

gyr[si,s 2 ] G Aut 0 (S,+) 

(303) lgyr[si, s 2 ] G Aut L (S, +) 

rgyr[si,s 2 ] G Aut G (S,+). 

The gyrations gyr[si,s 2 ] in (13021) of the gyrogroup (S, +) are said to be bi¬ 
gyrations. The application of a bi-gyration gyr[si, s 2 ] to s is denoted by 

(304) gyr[si,s 2 ]s = (lgyr[si,s 2 ],rgyr[si,s 2 ])s = lgyr[si, s 2 ]srgyr[si, s 2 ] . 

Definition 53. (Bi-gyrogroups). A (gyrocommutative) gyrogroup whose gyra¬ 
tions are bi-gyrations is said to be a (bi-gyrocommutative) bi-gyrogroup. 

A detailed study of the abstract bi-gyrogroup is presented in Hz]. 

Remarkably, our study of special (or, unimodular) pseudo-orthogonal groups 
SO(m , n) can be extended straightforwardly to an analogous study of special (or, 
unimodular) pseudo-unitary groups SU(m,n). Accordingly, bi-gyrocommutative 
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bi-gyrogroup theory for (R" xrn ,©'), as developed in this article, can be extended 
straightforwardly to (C nxm ,©') where 

(1) real n x m matrices P £ K" xm are re pi ace d by complex n x ro matrices 
P e C nxm ; 

(2) the transpose P* of P £ t nxra is replaced by the conjugate transpose 
P* = (P) 4 of P e C nxm ; and 

(3) the special orthogonal matrices Ok € SO(k), k = m,n, are replaced by 
special unitary matrices £4 G SU(k). 

Acknowledgments The author owes a huge debt of gratitude to Nikita Bara¬ 
banov for his generous collaboration. 
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